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Abstract. The paper analyzes in terms of polynomial time many-one reductions
the computational complexity of several natural equivalence relations on Boolean
functions which derive from replacing variables by expressions, one of them is the
Boolean isomorphism relation. Most of these computational problems turn out to
be between co-NP arg).

1. Introduction

Itis easy to see that the following computational problem is co-NP-complete: Given two
Boolean circuitsf (xg, ..., Xp) andg(x, . .., Xn), do they represent the same Boolean
function? An extension of this problem is the following problem: Given two Boolean
circuits f (X, ..., Xp) andg(xy, . . ., Xn), are the two Boolean functions isomorphic, i.e.,

can one permute the variables of the second such that afterward they represent the same
Boolean function? The two Boolean functions giverxby—y andy A—x are an example

for Boolean functions which are isomorphic but not identical. We give some evidence for
the hypothesis that it is more difficult to find out whether the Boolean functions given by

* The third author was supported by the Deutsche Forschungsgemeinschaft (DFG) under Grant
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two circuits are isomorphic than to find out whether they are identical. Note the analogy
with the same notion for graphs: two graphs on the same set of nodes are isomorphic if
and only if they are identical after a permutation of the nodes of one of the graphs.

Another—though less intuitive—way of identifying Boolean functions is the fol-
lowing. Say that two Boolean functions aregation equivalerif one can negate some
of the variables in one of the two functions such that the resulting Boolean function is
identical to the other. For example, the two Boolean functions givenby and—x Ay
are negation equivalent (by negatixg

These two concepts can be combined: say that two Boolean functioosrayeient
if they are identical after a permutation of the variables and an additional negation of
some of the variables. For example, the two Boolean functions given Ayy v z)
and (X v y) A —z are congruent. This equivalence relation, which already received
attention in the last century, can be interpreted geometrically as a congruence of the two
corresponding Boolean cubes, see Section 2.

Isomorphisms are defined by permutations. However, permutations are a special
kind of bijective linear mappings on the GF(2) vector spégel}”, namely, the ones
whose matrices have exactly one 1 in each line and each row. So it is natural to consider
the following generalization of the Boolean isomorphism relation: say that two Boolean
functionsF(xy, ... Xn), G(Xg, ... Xn) arelinear equivalentf there is a bijective linear
mappingi: {0, 1}" — {0, 1}" such thatF = G o i. This relation is generalized to
Boolean affine equivaleng¢and toBoolean cardinality equivaleng®y bijective affine
mappings (arbitrary bijective mappings) instead of bijective linear ones.

This paper states some results about the computational complexity of recognizing
the above relations if the Boolean functions are represented as circuits (or formulas). For
example, the computational problem corresponding to the congruence relation is the set
of all pairs(f, g) such thatf andg are circuits and the Boolean functions given by
andg are congruent.

The results in terms of polynomial time many-one reducibility are the following: the
relations are situated between co-NP aj the only exception is cardinality equiva-
lence which is complete for the class CP. Furthermore, the problem whether two circuits
are equivalent is complete for co-NP. The negation equivalence problem is reducible to
the isomorphism and the congruence problem which have the same many-one complex-
ity. These two problems are reducible to the linear and the affine equivalence relation,
which have the same many-one complexity. A graphical summary is given in Figure 4.

Agrawal and Thierauf [1] solved a problem posed in some earlier version of this
paper and showed that none of these equivalence relatimg-immplete unless the
Polynomial Time Hierarchy collapses.

2. Definition of the Equivalence Relations

Let {0, 1} be the set of the tw@oolean constantsA Boolean functioris a function

F: {0,1}" — {0, 1} for some natural number > 0. The numben is called thearity

of F and F will be written asF (x4, ..., Xn). Boolean functions of different arities
are different from each other. The tuples fr¢f) 1}" are calledassignmentsWe use
the usual formulgcircuit notation in order to describe Boolean functions, for example,
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the formulax,; A —x, describes the Boolean functidh(xy, xo) with F(0,0) = 0,
F@0,1)=0,F(1,00=1,F(1,1) =0.

Now the equivalence relations on Boolean functions mentioned in the Introduction
will be formally defined and some basic properties of them will be stated.

Let F(Xq, ..., X)) be a Boolean function and lebe a function{0, 1}" — {0, 1}".
Obviously,F o is also a Boolean function, remember tivab i is defined by(F o i)
X (X1, ..., %) = F(i(Xg,...,X)). In this paper we only consider bijective functions
i:{0,1}" — {0, 1}", and some natural subsets of the set of these bijective functions are
defined. First consider the set of functiong0, 1}" — {0, 1}" such that(xq, ..., Xn) =
(m(Xp), ..., w(Xy)) andr is apermutationonthe spty, . . ., x,}. We callthese functions
variable permutationsr justpermutationsAnother type of bijective functions are the
functionsi: {0, 1}" — {0, 1}" such thai (X4, ..., Xn) = (f1(X1), ..., fn(Xn)) and each
fi: {0,1} — {0, 1} is either the identity function or the negation functin®) = 1,
n(1) = 0. These functions are callegtg-mappingsthe prefixnegstands fomegation
The two concepts can be combined: Leategy-permutatiorbe a compositiorj o i of a
permutatiori and a neg-mapping. Consider the s€0, 1}" as a vector space over the
two-element field GF(2), addition is given by pointwise pagityNote that a permutation
is a bijective linear function of0, 1}" with the special property that in every row and
every line of the representing matrix there is exactly one 1. Therefore, bijective linear
functions are a generalization of permutations. Likewise, neg-permutations are a special
case of bijective affine functions ¢f, 1}", namely, the ones of the fornix) = | (X) ®¢C
such that its linear palttis represented by a matrix of the special form like above.

Definition 1. Two Boolean function$ (X1, ..., Xs) andG(Xq, ..., X,) are said to be
isomorphic(negation equivalentongruentlinear equivalentaffine equivalentcardi-
nality equivalen), writtenF ~ G (F =peg G, F = G, F =ijin G, F =ar G, F =cad G),

if there is a permutatioineg-mapping, neg-permutation, bijective linear function, bi-
jective affine function, bijective functioni: {0, 1}" — {0, 1}" such thatF = G oi.

In other words, two Boolean functions (on the same set of variables) are isomorphic
if and only if they are identical modulo a permutation of the variables, they are negation
equivalent if and only if they are identical modulo a negation of some variables, they are
congruent if and only if they are identical modulo a permutation of the variables and an
additional negation of some of them. They are linear (affine, cardinality) equivalent if
they are identical after the application of a linear (affine, any) bijective function on the
assignments. It is obvious that two Boolean functions of the same arity are cardinality
equivalent if and only if they have the same number of satisfying assignments.

An affine function{0, 1}" — {0, 1}" can be represented as a list of replacements
(Xy = (X)), ..., Xn = i(Xn)), where eacti(x) is of the formx;, @ --- @ x; or
Xj, ® --- ® Xj, @ 1. Note that the formulas & 1 and—« are equivalant for alb.

For the more special operations this representation is even easier, for example, the list
(X1 > —X3, X2 > X1, X3 > —Xp) describes in an obvious way a neg-permutation on

{0, 1}3. Table 1 summarizes these representations. Remember that all operations have to
be bijective.

Example. Let F, G, H, | be 2-ary Boolean functions defined Wy (x,y) = X,



682 B. Borchert, D. Ranjan, and F. Stephan

Table 1. Typical replacements.

Relation Operation Typical replacement
~ Permutation Xi > Xj
=neg Neg-mapping Xi > X
Xi = X
=~ Neg-permutation Xi > Xj
Xi > =X
=iin Bijective linear function Xi > Xj; @ - - - D X,
=aff Bijective affine function X > Xj, @ - - @ X;,

Xi »—)leéB---EBXjk@l

Gx,y) =Yy, H(X,y) = =%, andl (X, y) = X @ Y, respectively. Note that all functions
are different from each other. The functiof@andG are isomorphic by the permutation
(X — Y,y X)andF andH are negation equivalent by the neg-mappirg—> —x,
y — Y). ThereforeG andH are congruent by the neg-permutation— -y, y — x).
The linear function(x — X @y, y + y) shows thatF and| are linear equivalent.
ThereforeH andl are affine equivalent by the bijective affine function— x®y®1,
yy).

In Figure 1 the Boolean functions which depend on at most two variabbesd
y are grouped according to the five equivalence-relationssneg =, =jin, and=a.
Note that=,4 and =¢4¢ are identical on the Boolean functions with at most two
variables. Nevertheless,ix is a proper subrelation cfq,¢ Let F(X, Y, 2) be 0 ex-
actly on the assignmentg0, 0, 0), (1, 0, 0), (0, 1, 0), (0,0, 1)} (note that this set is
not an affine subspace) and 8tx, y, z) be 0 exactly on the (affine) linear subspace
{(0,0,0), (1,0,0), (0,1,0), (1,1, 0)}. F andG are cardinality equivalent, but because
an affine function maps an affine subspace to an affine subspace, there cannot be a
bijective affine function such thatr = Goi.

~ Zneg = Zlin =aft
0 0 0 0 0
T Ay T Ay T Ay T Ay T Ay
z A (-y) z A (~y) z A(y) z A (y) z A ()
(cz)Ay (mz) Ay (mz) Ay (-cz) Ay (mz) Ay
COACT | o)Ay | | () Ay | [CaA ] | (a) A lw)
x T X xT T
y ~ y y y
T y T Dy T
Thy Dy Dy ] Dy
~(z & y) ~(z D y) ~(z®y) ~(z & y) ~(zHy)
zVy TVy zVy TVy zVy
zV(~y) zV(~y) zV(~y) zV(-y) zV (~y)
(~z)Vy (-z) vy (mz)Vy (~z)Vy (~z) vy
(co)Vmy) | [Cn) VoY) | () Vioy) | [ () V() | | (o) vV (y)
1 1 1 1 1

Fig. 1. Partitions induced by the equivalence relations.
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F =card G

F=G

Fig. 2. Natural implications of the fornr =1 G = F =, G.

Proposition 2. Therelations-, =neg, =, =iin, =afr, aNd=carqare equivalence relations
Figure 2 shows the inclusion relation among these equivalence relations

The equivalence relations above were already considered in the previous century, the
relation of being congruent (in our terminology), especially, has received much attention
since then, see, for example, [6], [8], [9], [10], [11], [16], [17]. The best overview about
the definitions and results may be found in papers [9] and [10] by Harrison. It should
be remarked that there does not seem to be a standard terminology, so we felt free to
choose our own symbols and names. People studying these equivalence relations were not
interested in the computational complexity of the relations. Instead, they were interested
in determining the number and the size of the equivalence classes when only a fixed
number of variables are involved, see Figure 1. The major breakthrough in that respect
was achieved by®ya in [16] who applied his famous general combinatorial result from
[15] to the special case of congruence of Boolean functions.

Some Motivation for Boolean Congruencelustifying its name, the Boolean congru-
ence relation will easily be interpreted as a geometrical congruence problem, remember
that two subsets dR" are calledcongruentif there is a distance-preserving function

R" — R" which maps one subset bijectively to the other. Let a Boolean function
F(xy, ..., Xn) be given. Thegeometrical Boolean cube representingsHdefined to be

the subset of0, 1}" ¢ R" which consists of the tupldase {0, 1}" such thatF (t) = 1.

The Boolean congruence relation will also be interpreted as a graph isomorphism prob-
lem: Let thegraphical Boolean cube representing #e the labeled undirected graph

(N, E, A) defined as follows. The set of nodBsconsists of the 2differentn-tuples

from {0, 1}". The set of edgek consists of the pairé, t’) of tuples which have Ham-
ming distance 1, i.e.E is the set of (unordered) paitscy, ..., Cn), (C}, ..., Cy)) for

which there is exactly one € {1, ..., n} such that; # ¢ andc; = ¢j forall j # 1.

The labeling functiork: N — {0, 1} maps a tuplé € {0, 1}" to the value ofF (t). See
Figure 3 for this construction. The following proposition is proven in a straightforward
way.
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(011)2 (111)1 (011)2 (111t
(01dﬁ; (110)L (01dﬁ; (11d§;
(001)2 (101)1 (001)1 (101)0

106f(

(000)L (100)9 (000)L (

Fig. 3. Two (three-dimensional) graphical Boolean cubes which are isomorphic.

Proposition 3. For two n-ary Boolean functions F and G the following statements are
equivalent

(a) F and G are congruent
(b) The geometrical Boolean cubes representing F and G are congruent
(c) The graphical Boolean cubes representing F and G are isomorphic

3. The Complexity of the Equivalence Relations

This paper studies the complexity of the equivalence relations defined in the previous
section when they are considered as computational problems. Karp [12] introduced the
polynomial time many-one reducibilityA is reducible toB iff there is a polynomial

time computable functiom such thatw € A < h(w) € B for all w. Garey and
Johnson [7] and Papadimitriou [14] give an overview on this and other standard notions
from complexity theory. The notiosm-reducibleandp-m-equivalenare abbreviations

for polynomial time many-one reducibnd polynomial time many-one equivalent
respectively. The symbols for these relations will be as usyahnd=}, respectively.

The completeness and hardness notion will always refefhto

We represent Boolean functions by circuits in order to obtain a computational prob-
lem. We could also use Boolean formulas but prefer the circuits since they are the more
general and flexible concept while the results would be the same for both ways to repre-
sent the Boolean functions. The circuits use the constartstbe variablexy, xo, . . .,
1-ary negation-{), 2-ary conjunctionA), disjunction {/), and parity (¢) gates, see, for
example, [14] for a formal definition of circuits. We assume implicitly that a circuit is
given as a paitn, c) wheren is a number denoting the intended arityoph has to be
at least as large as the largest indedf a variablex; appearing in the circuit. This
way, we can, for example, represent tiary constant-1 function by the pain, 1).
Nevertheless, in the context it will be always be clear what the intended arity of a circuit
is, so we will, for example, still just write 1.

In the usual way each circui (x4, . .., X,) describes a Boolean functioh =
f(X1,...,%). Say that the circuitsf (X1, ..., Xn) and g(xy, ..., X,) are equivalent
written f = g, if they describe the same Boolean function, if.= g, for example,

—(X1 V X2) = =X A —X;1. LetC be the set of all encoded circuits and {et-) be some



Computational Complexity of Some Classical Equivalence Relations 685

Table 2. Summarized terminology.

Relation name Rel. symb. Def. operation Problem
Equivalence = (Identity function) BOOLE-EQuI
Isomorphism ~ Permutation BOLE-Iso
Negation equivalence =neg Neg-mapping BOLE-NEG
Congruence = Neg-permutation BOLE-CONG
Linear equivalence =iin Bijective linear function BOLE-LIN
Affine equivalence =aff Bijective affine function BOLE-AFF
Cardinality equivalence =card Any bijective function BOLE-CARD

usual pairing function ox*. For any of the equivalence relatioas in Definition 1 we
transfer the notion from the Boolean functions to the representing circuits, i.e., for two
circuits f, g we write f =, gif f =, §. The uniform definitions of the computational
problems we consider are the following. Table 2 gives a summary of the terminology
concerning the equivalence relations.

BooLE-EqQui = {(f, g) | f =g},

BooLE-Iso= {(f,g) | f ~ g},

BoOLE-NEG = {(f,g) | f =negg}l

BooLE-Conc = {(f,g) | f = g},
|

BooLE-LIN = {(f,g) | f
BooLE-AFF= {(f,g) | T =a¢ g},
BOOLE-CARD = {(f, Q) |

The problems BoLE-EQuUI and BooLE-CARD can be shown to be complete for well-
known classes. The class CP was introduced in [19], the class is known to be in PSPACE
and to include co-NP but it is neither known to include NP nor known to be in the
Polynomial Hierachy.

Proposition 4.

(a) BooLE-EQuI is co-NRcomplete
(b) BoOLE-CARD is CP-complete

Proof (a) The tautology problemAUTOLOGY = {f | Vt € {0,1}": f(t) = 1} is
knownto be co-NP-complete. The problem®. E-EQuiis p-m-equivalenttoAUTOLOGY
since(f,g) € BOOLE-EQUI <& —(f @& g) € TAUTOLOGY and f € TAUTOLOGY &
(f, 1) € BOoOLE-EQuI.

(b) For acircuitc(xy, . .., Xn) let#c denote the number of its satisfying assignments.
The problemA = {f (Xq, ..., X)) € C | #f = 2"1}isknown to be complete for CR.is
reducible to BOLE-CARD by the reduction function which maps a circtiitxy, . . . , Xn)

to the pair(f, x1), note that #, = 2" (x; is considered as an-ary function). On
the other hand, BoLE-CARD is reducible toA in the following way: given two circuits
f (X1, ..., Xn) andg(xy, ..., X,), consider the following circuih(xy, .. ., Xn, Xn11):

(Xn+1 A f(Xl, ceey Xn)) \% (_‘Xn+l AN _'g(xlv ey Xn))
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Exactly #f tuples(X;y ..., Xn, Xns1) Satisfyxn 1 A f(Xg, ..., Xn), and exactly 2 — #g
of the tuples satisfy=xn,1 A —=g(Xq, ..., Xy). In total #f + 2" — #g of the tuples
(X1, ..., Xn, Xnt1) Satisfyh, in other words, & = 2" + (#f — #g). By this expres-
sion it is obvious that # = #g if and only if #h = 2". Therefore, BOLE-CARD is
reducible toA by the reduction function which mag4, g) to h. O

Proposition 5. BOOLE-ISO, BOOLE-NEG, BOOLE-CONG, BOOLE-LIN, andBOOLE-AFF
are co-NPhard members of).

Proof. The functionh — (h, 1) is a many-one reduction from the tautology problem
TAUTOLOGY to each BOLE-1SO, BOOLE-NEG, BOOLE-CONG, BOOLE-LIN, and BOOLE-
AFF. The reduction is verified by the observation that any bijective fundtiamaps
tautologies to tautologies, i.ef, € TAUTOLOGY < f oi € TAUTOLOGY & (f,1) €
BOOLE-1s0 (BOOLE-NEG, BOOLE-CONG, BOOLE-LIN, and BOOLE-AFF, respectively).
Membership of the problems iR} is witnessed by the following algorithm: for
a circuit f (xq, ..., Xy) first guess a representation ligh, — i(X1), ..., Xp > 1 (Xn))
representing a permutation (neg-mapping, neg-permutation, bijective linear function,
bijective affine function), see Table 1. Then check for all assignmeis ..., Xn)
from {0, 1})" whether f(xq,...,Xn) and f(i(xy),...,i(x,) evaluate to the same
value. O

On the following pages the complexities of the problenz®Be-1SO, BOOLE-NEG,
BoOOLE-CONG, BOOLE-LIN, and BooLE-AFF will be compared with each other.

Theorem 6. BOOLE-IsoandBOOLE-CONG are p-m-equivalent

Proof. One obtains a reduction fromd®LE-I1SO to BooLE-CONG as follows: Given
two circuits f and g depending orxy, Xo, ..., X, the reduction constructs two new
circuits c andd in the old variables¢y, xo, ..., X, and the new additional variables

Y1, Y2, Y3, Y4, ¥5.

C=((Y1+Yo+Ys+Ya+tYs=AAXL A= AXn)

V(=Yy1 A =Yoo A=Yz A F(Xg, ool X)),
d=((y1+ Y2+ Ys+Ya+t¥s=>DAXL A= AXp)
V(=YL A=Y2 ATY3 A QXL .., Xn)).

The disjunctive normal forms of both circuits contain exactly five monomials of degree
n + 4, namely, the conjunctions of all variableg o, ..., X, and four of the variables
Y1, Y2, Y3, Ya, ¥5. Since all variables in these monomials appear in positive form, every
neg-permutation witnessing= d has to preserve all variables in the positive form and
thus is already a permutation of the variables. Therefard) € BOOLE-CONG < (c, d)
€ BOOLE-Iso.

Furthermorey, Yo, Vs, Ya, Y5 belong to exactly four monomials of degreet- 4
while x1, X2, ..., X, belong to all five monomials of degreet- 4. So it follows that each
Xk has to be mapped to some othgrand any permutation witnessitng~ d already
witnessesf ~ @: to see this fix the values of;, y», ys, V4, Y5 to 0 and the functions
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of c andd thus restricted are just andg. Therefore(f, g) € BOOLE-IsO & (c,d) €
BOOLE-CONG.

A reduction from BDOLE-CONG to BOOLE-IS0is given the following way. Let a pair
of circuits (f (X, ..., Xn), (X1, ..., Xn)) be given. Letyy, ..., y, andz denoten + 1
new variables and defire d by

C=XIBYDA- - AXn®Yn) AZV (X1, -+, Xn)),
d=0X1®YDA - AKn®Yn) AZVIXe, -+, Xn)).

Now it is shown thatf = g < ¢ ~ d. If f = g via a neg-permutation thenc ~ d via
the following j:

=12
JOm) =X and  j(ym) = Yk if i (Xm) = Xk,
J(xm) =Y and  j(Ym) = X« if i (Xm) = —Xk.

Sothe mainideaisthatthgrepresent-x, and so the negation is removed by introducing

a new variable. The form af andd enforces that(xy, ..., Xn, Y1, ..., ¥n, 2 = 1 only
if xx = —yk fork = 1,...,n and, on the other hand(xq, ..., Xn, Y1, ..., ¥n, 2) =
f(Xg, ..., Xy if z=0andx, = —~yfork =1, ..., n. Itfollows from these observations

thatf =g = c~d.

Conversely, assume that~ d via j. Call two variablesy andw c-incompatible
iff there is no satisfying assignment forwith v = 1 andw = 1. One can see that
andw arec-incompatible iffv = xx andw = y for somek; the same holds for the
corresponding notion af-incompatibility. Ifc ~ d via j, thenj has to map any pair of
c-incompatible variables to a pair diincompatible variables: so for eaktihere is an
m such that eithef (xx) = Xm andj (Yk) = Ym Or j (Xx) = Ym and j (yk) = Xm. SO one
immediately obtains the neg-permutation

L) — | Xm it %) = Xm;

(% = {_‘Xm if j(Xk) = Ym.
It follows from f(Xq, ..., Xn) = C(Xq, ..., Xn, =X1, . .., —=Xn, 0) and the corresponding
equality forg versusd thati withessesf = g. O

Theorem 7. BOOLE-NEG s p-m-reducible tOOLE-ISo.

Proof. The following p-m-reduction from BoLE-NEG to BOOLE-ISOis similar to the
one from BoOLE-CONGt0o BOOLE-ISO. Leta pair of circuitg f (X1, ..., Xn), 9(X1, ..., Xn))
be given. ChooserB+ 1 different variablesn, y;, z1, . . ., Yn, Yn, Zn, Zand construct the
pair of circuits(c, d) where

C=(Cz)V VYD) V(=) (Y2 V Yo) V-V Z1Zo -+ (—Zn) (Yn V V)
VZ2iZp  Za(Y1 B YD A A DY) AV F(Y, ..., Yn)

andd similarly depends omy. It holds thatf =neg g < ¢ ~ d. Verification is done
the same way as for the reduction frono® E-CONG to BOOLE-ISO, where here the
variablesz; guarantee thay; is mapped only tg; or y;. O
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Consider{0, 1}" to be a GK2) vector space. Letq] denote the linear subspace
{(@,...,an): (Vh # k) [an, = 0]} and let km, Xk] be the subspace generated by ][
and [x¢] and so on. Furthermore|xn, ] denotes the projectiotany, ax) on the given
variables. Note that if is a bijective linear mapping, theénmaps subspaces to other
linear subspaces of the same dimension and cardinality.

Theorem 8. BOOLE-AFFis p-m-equivalent tBOOLE-LIN.

Proof. The m-reduction from BOLE-AFF to BOOLE-LIN is (f,g) — (X A f, X A Q)
wherex isanew variable. Itremains to be shown thiatg) € BOOLE-AFFiff (XA f, XAQ)
€ BOOLE-LIN:

f=sg = XATf=inXAQ:
There is an affine mappinigwitnessingf = goi. Now let j (x) = x and for
variablesy,, andz,, other tharx one defines
i (Ym) = 1P DL if i(Yym)=2® - @z
T xeane--@n i im =102 ®

Forx = 1,i(Ym) = j(ym) and thereforex A f)(1, y1,...,¥n) = f(ys,
< ¥n) = 90 (YD), - T () = XA QDA j(Y), -, j(Yn). Forx = 0,
XAF)O,y1,...,¥) =0=XAQ)QO, j(y1), ..., j(yn) holds independently
of the valuesj (y1), ..., j(Yn). Thus(x A f)o j =X A Q.

Sincei ~! can be transformed in the same wayj td, the new linear mapping
j isinvertible andk A f =z X A Q.

XA f=inxAg = f=x0:

Let j be alinear mapping witnessingn f =i, X A g. An affine subspace of a

linear space is obtained from some linear subspace by adding a constant vector to
every vector in this subspace. In particular, for Boolean vector spaces, any affine

subspace is the closure of some set under the opesatiop, vz — Vi ®VoDVs.
Now consider the affine subspadégenerated by the spt: (xA f)(v) = 1} and
W generated by the sét: (x A g)(v) = 1}. Since the linear mappingsatisfies
XA f)(v) = (xAQ)(j(v)), ] maps the vectors generatikgto those generated
W and so is an affine mapping between the subspdcasdW: j (V) = W. In

particular,V andW have the same dimension and are also both affine subspaces

of the subspace of all spatkof all vectors which map the variableto 1. Now
there is an affine bijective mappirig U — U which coincides withj on the
setV of vectors. Nowh can be made to an affine bijectiofrom the domain of
f to that one ofy as follows wherey,, andz,, denote variables other than

COLPD- DL if hym=2® - -z &

I(ym):{ceazlea~~~eazk if hiym)=X0zd...0zdC.

Here,c is a Boolean constan® or 1) which comes from the affine mapping;
linear ones do not have them.

This completes the proof that®LE-AFF is p-m-reducible to BOLE-LIN. Conversely,
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consider given function$, g which have the variables,, ..., x,. Letys, ..., ynr1 and

Z1, ..., Zny2 denote new variables and Mt C {0, 1}°"+3 be the vector space generated
by all these 8 + 3 variables. Furthermore, I&t be then-dimensional Boolean subspace
generated by the basts, . . ., X,, letY be the(n+1)-dimensional subspace generated by
Vi, - - -, Ynt1, @and letZ be the(n + 2)-dimensional subspace generatedhy. . ., zn .
Sov € Xiff v(ym) = 0andv(zs) = 0. LetO denote the shared 0-vector of all four vector
spaces. Now the functiof: X — {0, 1} is extended to a functiof: V — {0, 1} as
follows:

f(a) if o € X;
Fa) =1 (0 ifaeYUZ,
- f(0) otherwise, i.e.x € WwhereW =V — XUY U Z.

Similarly, gis extended t&. Now it has to be shown that the mappirfgg) — (F, G)is
a p-m-reduction from BOLE-LIN to BOOLE-AFF. Obviously the mapping is polynomial
time computable.

f=ing = F =ar G

Leti witness thatf =, g. Sincei is linear, f (0) = g(0). Givenax € X, 8 €Y
andy € Z,letjla® B ®y) =i(a) ® B @ y. Sincei is linear, j must be
affine. Since is bijective, so isj. j mapsX to X, therefore, for allx € X,
G(j(@)) =G(i(x) =g(i(a)) = f(a) = F(a).fe e YU Z thenj(a) =«
andF («) = f(0) = g(0) = G(). Sincej mapsXUYUZtoXUYUZ, jalso
mapsW to W. So fora € W, F (@) = = f(0) andG(j («)) = —g(0) = =~ (0).
The affine mapping witnesses thalf =4 G.

F=xG = f =ijin O:

Leti witness thaF =, G. Now F takes the valud (0) onlyonX UY U Z, that
means on at most'2- 21 4+ 2"+2 grguments while it takes the valuef (0) at
least onW. Since the cardinality oV is greater than that oK U Y U Z but F
andG map the same number of vectorsft@), it follows that f (0) = g(0).

Z is an(n + 2)-dimensional linear subspace whdetakes the valuef (0).
SoG must oni (Z) again take the valué (0) = g(0) and since (Z) is an affine
(n + 2)-dimensional spaceé(Z) = Z. SinceY intersectsZ in one point,i (Y)
intersectd (Z) also in one point. From this information it can be deduced that
i(Y)=Y.SinceDe YNZ,i(0) €i(Y)ni(Z)anditfollows thai (0) =0, i.e.,

i is linear.

The setU = X Ni~1(X) is a linear subspace of. The restriction of to
U can be extended to a linear bijective functipn X — X. Now assume by
way of contradiction thaf («) # g(j («)) for somea € X. Thena ¢ U. Thus
i(@) e Wand f (o) = G(i (@)) = — f(0). Further, there iy withi(y) = j(«).
Sincej () ¢ i (U),y € Wandg(j(«)) = G(i(y)) = F(y) = =~ f(0). So such
ana does not exist angl withessesf =, g.

Therefore, BOLE-AFF is p-m-equivalent to BOLE-LIN. O
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Theorem 9. BOOLE-ISOis p-m-reducible tBBOOLE-LIN.

Proof. Consider the circuitsf, g with the variablesxs, ..., x,. The p-m-reduction
(f, g) — (c, d) translatesf toc andgtod by the formula below whergy, ..., x, stand
for the variables off, g andyq, i1, ..., Yn, 20, Z1, Z» are new additional variables only
used inc andd. Now c assigns to every vectore [Xg, ..., Xn, Yo, Y1, - - - » Yn, 20, Z1, Z2]
the following values:

0 if ue[Xy,...,%Xn, 20,21, 22] —[X1, ..., Xn]
_ or ue€[Xm, Yo, Y1, ---» Yol
CW=1Vfw it uelx...xl;
1 otherwise.

The definition ford is obtained by taking(u) instead off (u) in the second case of the
formula above.

For verification firstf ~ g = ¢ =, d is considered. Let be an isomorphism
witnessingf ~ g, theni can be extended to an isomorphism witnessing d by
definingi (Yym) = Ym andi (zm) = zn, for all m. Since any isomorphism is also a linear
mapping, it only remains to show that the mapping satisfie$ = d(i(u)) for all u,
which is left to the reader.

For the converse direction =, d = f ~ g leti be a linear bijection with
c(u) = d(i(u)) for all u € V. The subspactl = [Xy, ..., Xn, Z1, Z2, Z3] IS the only
(n 4+ 3)-dimensional subspace whes@andd take at least2"3 — 2" times the value 0.
SoU must be mapped onto itseifilU) = U. The subspacédy, = [Xm, Yo, Y1, - - -, Ynl
are the only(n + 2)-dimensional subspaces not containetlimn whichc andd take
at least 2+2 — 2 times the 0. So they have to be mapped onto each other, but may be
permutedi (Uy) = U, m) for some permutationr. Sincexy, is the only nonzero vector
in Uy NU, its imagei (xm) is the only nonzero vector id, m NU, SOi (Xm) = Xom)-
The restrictionj of i to [y, ..., Xy] is @ linear mapping which maps, to X, m. S0 j
is generated by a permutation of the variables &nd g via j. O

Blass and Gurevich [2] defined the problem USAT{c € C | chas exactly one satisfying
assignmentand showed that it is co-NP-hard. Chang and Kadin [5] showed that USAT
is not in co-NP unless the Polynomial Hierarchy collapses. The following construction
is a p-m-reduction from USAT to BoLE-NEG:

F(Xe, oo Xn) = (F(X1, ooy Xn), XL A -+ A Xn).
Proposition 10. USAT is p-m-reducible tB0OOLE-NEG.

Corollary 11. Ifthe Polynomial Hierarchy does not collapsieenBoOLE-NEG, BOOLE-
ISo, BOOLE-CONG, BOOLE-LIN, and BOOLE-AFF are not inco-NP.

The Graph Isomorphism problem Gl [13] is the set of all pairs of graphs (here) with
the same set of nodes such that there is a permutattbnodes such that a paix, y)
forms an edge in the first graph iff(x), i (y)) is an edge in the second graph; so Gl
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\ BOOLE-LIN <— BOOLE-AFF

D]

I

BooLE-Iso +— BooLE-CoNG

I

Af BooLE-NEG

/(/. BOOLE-CARD «— CP

USAT

N

NP BOOLE-EQUI +— co-NP

\G\P/

Fig. 4. Summary of the results.

is the graph analogue ofd®LE-1So. Chang [4, Proposition 2] obtained the following
result:

Proposition 12[4]. Gl is p-m-reducible t0OOLE-ISO.

Proof. Let for a graphG = (V, E) the circuithg be defined as follows: for every
vertexi € V in G choose a different variablg and lethg := \/(i,j)eE(vi A vj). Now,
it is not difficult to see thaG; and G, are isomorphic if and only if the two Boolean
functions described by, andhg, are isomorphic. O

Corollary 13. BOOLE-Iso, BOOLE-CONG, BOOLE-LIN, and BOOLE-AFF are not in
co-NPunlessGl is in co-NP.

The stated results are summarized in Figure 4 where an arrow denotes the proven
existence of a p-m-reduction between two problems (in the case of a class consider a
complete problem).

4. Related Work

Inaprevious version it was left open whethey@® e-1soand related classes a‘zé’ com-
plete. Agrawal and Thierauf [1] attacked this problem and showed that the complement
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of BooLE-AFFis in IP[1]NP. Thus if BOOLE-AFF is Ezp-complete then the Polynomial
Time Hierarchy collapses. The same holds of course for the problems belovweB\FF.
So one of their main theorems is:

Theorem 14[1]. BOOLE-IsOis noth”—complete unless the Polynomial Time Hierar-
chy collapses

This gives evidence to the conjecture that the problems considered here (besides
BooLE-CARD) have intermediate complexity between the first and the second level of the
Polynomial Time Hierarchy, like Graph Isomorphism may have intermediate complexity
between the bottom level and the first level of the Polynomial Time Hierarchy. The
analogy between Graph Isomorphism and Boolean Isomorphism can be extended in
the following way: Say that an equivalence relatieis induced by a preorder if
e(x, y) < (p(x,y) andp(y, x)). For example, the equivalence relatisf}, is induced
by the preordex}. Borchert and Ranjan [4] show that the equivalence relatioasd=
are induced by two preorders which express that one Boolean function is the (monotone)
projection of the other, see [20]. Considered as computational problems on circuits these
two preorders are:zp—complete, see [4]. Likewise, one step lower in the Polynomial
Time Hierarchy, the graph isomorphism relation is induced by a preorder, namely, the
subgraph isomorphism relation which as a computational problem is NP-complete, see
p. 202 of [7].

Agrawal and Thierauf [1] improved the lower bound of Proposition 10 for the prob-
lems BOOLE-ISO, BOOLE-CONG, BOOLE-LIN, BOOLE-AFF by showing that the unique
optimal clique problem UOGQUE is p-m-reducible to BOLE-1so. UOCLIQUE is a prob-
lem in PYPognl which is not supposed to be complete for this class but which is still
p-m-hard for USAT. In their paper they also study the automorphism problems which
correspond to the equivalence relations defined in this paper. They show that similar
results hold like in the case of Graph Isomorphism versus Graph Automorphism [13],
e.g., the automorphism problems are p-m-reducible to the corresponding isomorphism
problems.

Thierauf [18] considers Boolean functions presented by OBDDs and FBDDs. Since
for these representations of Boolean functions the equivalence problems are in P and
co-RP, respectively, the computational problems decrease (almost) one step in the Poly-
nomial Time Hierarchy and are in NP and dB-RP, respectively.

Borchert et al. [3] took a closer look at theBLE-NEG problem and observed that
it is a typical example of a problem being in the clas$'ERvhere EP is the class of all
sets computable via nondeterministic machines which have either riofar $omei
accepting paths. This property fooBLE-NEG derives from the fact that for an instance
of BOOLE-NEG the set of solutions is either empty or an affine subspa¢e, df".
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