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Abstract

The notion of the maximal number of mind changesfor a Boolean func-
tion was defined and applied in severa contexts. An application in com-
plexity theory is the result of Wagner and Wechsung that the classes of the
Boolean closure of NP are exactly the classes of the Boolean hierarchy over
NP. The aim of this paper is to study the complexity of determining the
maximal number of mind changes of a Boolean function if the function is
represented as acircuit.

1 Introduction

The maximal number of mind changes of a Boolean function f is the maximal
number of changesof thevalueof f on theascending sequencesof assignments, an
exact definition is given in the next section. Thisinvariant for a Boolean function
has been defined explicitly (with other names) or *implicitly in several papers, for
examplein [Gil54, Mar58, Hay78, WW85, KSW86, Cha9dl], thisis probably not
afull list. To motivate the interest in the notion, consider the result of Wagner
and Wechsung in [WW85] obtained with the help of the maximal number of mind
changes invariant:

Take any class A of languages and aBoolean function f (x4, ..., z,) then f(A) is
defined to be the class of languages (L, ..., L,) for al combinations L, ..., L,
of languagesin A, where f(L4,..., L,) is the language L whose characteristic
function y;, isequal to f(xr,,,---, xr..)- Givenaclass.A, consider theset of classes
{f(A) | fisaBoolean function}, and ask for which pairs of classesinclusion resp.
equality holds. Generally, this gives a messy picture. The surprising result of



[WW85] states that for the class NP the classes f(NP) are ordered nearly linearly
and are (for non—constant f’s) exactly the classes of the Boolean hierarchy defined
in[CGH*88]. Actualy, itisjust thisresult of [WW85] which should allow to call
the Boolean hierarchy this way.

The aim of this paper is to investigate the complexity to determine the maximal
number of mind changes of a Boolean function if the function isgiven asacircuit.
For example the following problem will be shown for every n > 2 to be DP-
complete: given a circuit f, is n the maxima number of mind changes of the
Boolean function computed by f?

2 Preliminaries

LetV = {z1,...,z,} beaset of n variables. Let Ay be the set of assignments
for V, i.e. the set of all mappings from V to {0,1}. Note that Ay is the set of
characteristic functions yy of subsets W C V. For V an order on the variables
isfixed and the assignments are written asvectors (0...0), ..., (1... 1) listing the
values of the characteristic function. Consider the partial order (Ay, C) (whichis
in fact a Boolean algebra) induced by set inclusion on V: for a,a’ € Ay define
aCadiffa=yw,d =xyw andW C W’. Definea C o’ iffa Ca’ anda #a'.

A Boolean function f onaset V' of variablesis amapping from Ay to {0, 1}. In
this paper it is helpful to imagine a Boolean function f (V') to be represented by
the graph of (Ay, C) where only direct successors are marked with arrows and
where each assignment « islabeled with the value f(a). For example, the Boolean
function defined by the formula (x1 V 73) A z3) is represented by the following
graph: (111)1

(110)0 (101! (011)0

L

(100)9 (010)9 (0o1)L

(000)°

For V = {z4,...,2,} an ascending sequence in (Ay, C) is defined to be a se-



guence of assignments ay, ..., a,, suchthat a; C a4y forz=1,...,m — 1. Fora
Boolean function f on V' and an ascending sequence ay, ..., a,, in (Ay, C) con-
sider the sequence f(a1), ..., f(a,,). Cal the number of 2’'sin {1,...,m — 1}
such that f(a;) # f(a.+1) the number of mind changes of f on the ascending se-
guence ay, ..., a,,. For a Boolean function f on V' let the maximal number of
mind changes of f, written mc(f), be the maximal number of mind changes of f
on an ascending sequencein (Ay, C). Note that a Boolean function is constant iff
the maximal number of mind changes is 0. Refine the notation by saying that the
maximal number of mind changes of f iss™ (s*) iff the maximal number of mind
changesof fiss and f(0...0) = 0(f(0...0) = 1). For example the maximal
number of mind changes of the function in the picture above is3~.

3 Applicationsof the mind change notion

As an application of the notion of maximal number of mind changes the result of
[WW85]°will be stated, for the formulation the following definitions are neces-
sary: NP isthe set of languages which are accepted by a polynomial time nonde-
terministic machine, NP(s) and co-NP(s) for s € N arethe classes of the Boolean
hierarchy in the notation of [CGH*88]. For a Boolean function f the class f(NP)
was defined in the introduction.

Thefollowing theoremisfrom [WW85]. Actually, it seemsto follow asacorollary
from the results of [Hay78].

Theorem 1 (Wagner/Wechsung) Let f be a non—constant Boolean function.
(@ If mc(f) = s~ then f(NP) = NP(s).
(b) If mc(f) = s™ then f(NP) = co—NP(s).

The case that f is constant is left out because in that case f(NP) is either {(}} or
{Z*} but not NP(0) = co—NP(0) =P.

The results of Hausdorff [Haul4] only imply the following weaker version of the
previous theorem: for every Boolean function f thereis an s such that f(NP) C
NP(s). Thiswas stated in [CGH* 88].

Because the Boolean hierarchy for the class RE of the recursively enumerable
sets is known to be proper one can state for RE with the notation of [Ers68] an
even stronger analogon of the previous theorem. It follows as a corollary from
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the results of Hay [Hay78] and Selivanov [Sel84] but also could be derived by the
methods of Wagner and Wechsung [WW85].

Theorem 2 (Hay, Selivanov, Wagner/Wechsung) Let f beanon—constant Boolean
function.

@me(f)=s < fRE)=Z"
(b) me(f) =s* <= f(RE)=N_"

In [KSW86] it was aready remarked that an analogous theorem like the two ones
above isvalid generaly for every class closed under union and intersection, not
only for NP and RE.

Another application of the mind change notion in complexity theory is the follow-
ing. For a Boolean function f the inversion complexity is the minimal number of
negations gates one needs in a circuit to represent f. This corresponds to a com-
plexity measure for circuits where conjunction gates, digunction gates, variables,
constants and wires are for free but each negation gate has cost 1.

The following result is an example of an optimal complexity bound, the upper
bound part was given in [Gil54] and the lower bound part was added in [Mar58].

Theorem 3 (Gilbert, Markov) Let f be a non—constant Boolean function. If the
maximal number of mind changesof f is(s+1)~ or s* thentheinversion complexity
of f isthe smallest number » such that s < 2".

4 Complexity questions

In the previous section it was indicated that the maximal number of mind changes
may be an interesting invariant of a Boolean function. The aim of this paper isto
study the complexity to determine this number if the Boolean function is repre-
sented in a short way, i.e. asaformulaor acircuit. All results will be stated for
circuits but are also valid for formulas.

Assumethat Boolean circuits are encoded in a straightforward way as strings over
some alphabet, let C be the set of correct codes of circuits. Note that each Boolean
circuit computes a Boolean function on the set of the occuring variables, call the
Boolean function computed by acircuit f also f, this should not cause confusion.



Problems which are polynomial time many—one complete for a class A will be
just called .A—complete. Remember that SAT = {f € C | f(a) = 1 for some
assignment a} is NP-complete. For two languages A, B write A = B iff A and
B are polynomia time many—one equivalent. Let for two languages A, B A & B
be the language 04 U 1B.

Define for every n > 1 the circuit ¢, (1, ..., r,) where al z, are different vari-
ables by @/Jl(flfl) = z, and 77Z)'n,+1('7717 . 7.7777,4.]_) =T A _'7,/)77,(.772, . ,.7777,4.1). Note
that mc(v,,) = n~ because ,,(0...0) = 0 and ¢,, has on the ascending sequence
(00...0),(10...0),(12...0),...,(11...1) » mind changes. Therefore the max-
imal number of mind changes of —,, isn*. Likein [CGH*88] let NP(0) = P,
NP(1) = NP and let for n > 1 NP(n + 1) be the set of intersections of a lan-
guage in NP and the complement of a language in NP(rn), i.e. NP(n + 1) =
Y,+1(NP). Let co-NP(n) be the set of complements of languagesin NP(n). Re-
member that NP(2) = DP. Let (...) be apairing function. Definefor n. > 1 the
language SAT(n) like in [CGH*88] by SAT(1) = SAT and SAT(n + 1) = {(f,¢) |
f € SAT,g ¢ SAT(n)}, and let co-SAT(n) be the complement of SAT(n). In
[CGH*88] it was show that SAT(rn) is NP(n)—complete and that co-SAT(n) is
co—NP(n)—complete.

For special subsets S of N the computational complexity of the following problem
will be studied:

MC?® := {f € C | the maximal number of mind changesof f isin S} U {¢}

e isaddedin order to guarantee that M C” isnever empty. First atheorem about the
complexity of MC* for quite general sets S will be proved and then the complex-
ities of more natural problems like for example M C{"} will follow as corollaries.
For asubset S of N let Seen be the set of even numbers in S and Syqg the set
of odd numbersin S, therefore S is the digunct union Seen U Soqg- Let S’ be
either Seven OF Sogq- Say that S’ has s alternationsiff s isthe cardinality of the set
{ieN|(GeS,i+2¢g S)or( ¢ S',1+2¢€ S5)}. Notethat S’ has afinite
number of aternationsiff S’ isfinite or cofinite. Refine the notation by saying that
Seven has s~ (s7) aternations iff 0 € Seven (0 € Soad), and that Soqg has s— (s¥)
aternationsiff 1 € Seven (1 € Soqq)-

Hereis the main theorem, all other resultswill follow as corollaries.

Theorem 4 Let S be a subset of N such that both Seen @nd Sogg have a finite
number of alternations. Let S’ be either Sayen OF Sogq-

(a) If S’ has s~ alternationsthen MC®" is NP(s)—complete.
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(b) If S’ has s* alternationsthen MC®" is co-NP(s)—complete.
(c) MC?® = MC%= g MCo,

Proof: (a) Let S’ = Seen and let S haven™ alternations. If n = 0then S’ = () and
MC® = {e} whichis NP(0) = P—complete. For n > 1 the proof will be done by
induction on n, and a polynomial-time computable function ®g, for a many-one
reduction from SAT(n) to M C*" will be defined inductively.

Letn be> landlet 5" = Seen have n~ dternations, i.e. 0 ¢ S’. Leta > 0O
be the smallest number such that « € S’, and define a + 2N to be the set {a +
2m | m € N}. Consider the following nondeterministic program to recognize
MC**2V: given acircuit f on n variables guess a sequence of n + 1 assignments
and accept if the sequence is ascending and f(0...0) = f(1...1) and f has a
least « mind changes on the ascending sequence. This program accepts M C**2V
nondeterministically in quadratic time, therefore MC**?" € NP. If n = 1 then
S’ = a + 2N and therefore MC% € NP(1). If n > 2 let X be the set of even
numbers > a which are not in S’. Obviously X has (n — 1)~ aternations and
by induction is MC* in NP(n. — 1). S’ is the intersection of a + 2N and the
complement of X and therefore M C®" isin NP(n) becauseit is aintersection of a
language in NP and the complement of alanguagein NP(r» — 1). It remainsto show
the completeness, this will be done by a polynomial-time reduction of SAT(n) to
MCY.

If n = 1then S’ = a+ 2N and thefollowing function ®: is amany-one reduction
from SAT(1) = SAT toMC**?": givenacircuit f(z1, ..., ;) checkif £(0...0) =
f(1...2) =0; if not then map f to ,; if yesthenmap f to ¢, _2(y1, ..., Ya—2) V
f(zq,...,z) where y,...,y, » are chosen to be different from the variables
r1,...,75. Thisis acorrect reduction: if f is not satisfiable then the maximal
number of mind changes of ®s.(f) isa — 2 and therefore mc(Ps:(f)) ¢ S’, and
if fissatisfiablethen ®g (f) hasat least a mind changes.

Consider the Boolean function on 2k variables which outputs 1 for an assignment
a iff a maps exactly k of thevariablesto 1. According to Theorem 4.1 of [Weg87]
thereisfor every k acircuit Hy(z1, ..., 7. ) of size polynomial in & which com-
putes this Boolean function. From the proof for the theorem it can be observed
that the construction of H;, from % is possible in polynomial timein .

Let Y be the set of even numbers such that 2 + a isnot in S’. Note that Y has
(n — 1)~ alternations. By induction there exists a polynomial-time computable
function ®y suchthat + € SAT(n — 1) <= ®y (¢) isacircuit whose maximal
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number of mind changesisinY.

Givenapair ¢ = (f(x1,...,7),t) define

(DS’(Q) = 7,/)0,72(,1/1, s 7.1/0,72) \% [g(mlv 773_7 cee oy Ty TZ) A _'(DV(t)]

with g(z1, 2'1, ..., 2k, 2's) = f(z1, ..., 2 ) A Hip(z1,2'1, ..o, 78, 7'1)

where the variables y;, z;, «’; are chosen resp. assumed to be different from each
other and different from the variablesin ®y-(¢).

It remains to show the correctness of the reduction: [f(zy1,...,7;) € SAT and
t ¢ SAT(n — 1)] <= D (q) is acircuit whose maximal number of mind
changesisin 5.

If f is not satisfiable then 4 is equivalent to ¥, » whose maximal number of
mind changesisa — 2whichisnotin S’. It remainsto show that if f issatisfiable
then: t ¢ SAT(n — 1) < ®Ps (q) isacircuit whose maxima number of mind
changesisin 5.

If f issatisfiable by some assignment a for the variables {z4, ..., z,} then there
is an extension to an assignment «’ for the variables {z1, '1, ..., 7%, 2'x } Which
maps half of the variables =4, ...z, 2'1,..., 2", to 1 and therefore evaluates ¢
to 1. But all assignments for which Hy(x1, 2’4, ..., 7, 2';) evaluatesto 1 are C—
incomparable, and ¢(0...0) = g(1...1) = 0. Thusif f € SAT then the maximal
number of mind changes of ¢ is2 and therefore mc(®s:(¢q)) = a + mc(Py (7). But
then: t ¢ SAT(n — 1) <= (by induction hypothesis) mc(®y () ¢ Y < (by
defintion of Y') mc(®y (1)) + a € S' < (by the equation above) mc(Ps:(q)) €
S’. Thisfinishes the correctness proof of the given reduction.

For S’ = Soqq the proof is anaog.

(b) The proof isdual to (a).

(c) Note that for each circuit f(zq,...,7%): f(0...0) = f(1...1) iff the maximal
number of mind changes of f iseven.

g.ed.

Note that the problems MC? for sets S like in the theorem above are therefore a
collection of complete problems for the classes of the Boolean Hierarchy and the
Query Hierarchy, see[Bei91, Cha9l].

One gets the following corollaries for some natural sets S
Corollary 1 For eachn > 1 MC{""*17*2-} j5 NP-complete.

Corollary 2 For eachn € N MC{®+"} jsco-NP-complete.
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Corollary 3 MC® and M C{*} are co-NP-completewhilefor everyn > 2MC{™}
is DP—compl ete.

Thisimpliesfor n = 1, 2 together with Theorem 1 the following slightly confusing
statements:

Corollary 4 Assume that the Boolean hierarchy does not collapse.
(a) Thentheproblem {f € C | f(NP) = co-NP} is co-NP-complete.
(b) Then the problem { f € C | f(NP) = DP} is DP—complete.
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