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ABSTRACT. Motivated by the integer factoring problem, we define a d-gem as a {+, —, X }-
circuit having at most ¢4 product gates and computing, from {z}UZ, a degree d polynomial
having d distinct roots in Z, where ¢4 is the minimum length of an addition chain for d.
For n < 4 we exhibit 2"-gems having the additional property of being skew, that is, one
input to each {+, —}-gate is from Z. We prove that such skew circuits require n {+, —}-
gates and we conclude that our 2"-gems for n < 4 are both {x}-optimal as gems and
{x,+, —}-optimal as skew gems. We relate our constructions to the conjectures of Blum-
Cucker-Shub-Smale and of Biirgisser and we raise the unlikely possibility that d-gems
might exist for every d. We exhibit {x }-optimal d-gems for several values of d up to 55.
We observe however that that the existence of skew 2"-gems for n > 5 would provide new
solutions to the Prouhet-Tarry-Escott problem in number theory. By contrast, d-gems
over the real numbers are shown to exist for every d.

Introduction

Blum, Cucker, Shub and Smale [BCSS97] conjectured that for some [, any polynomial
f(z) € Z]x] has at most (7(f) + 1)? distinct roots in Z, where 7(f) is the size of a smallest
{+, —, x}-circuit computing f(z) from z and the constant 1. Known as the 7-conjecture,
this was the strengthening of an earlier conjecture shown by Lipton to imply that the integer
factoring problem would be “too easy” to support cryptography [Li94].

Polynomials with distinct roots had already served to factor integers in the 1970’s. Knowing
that ~ n'/* operations in Z, suffice to evaluate the polynomial 1'[?;7111/4 (x—1) € Zyp|x] at the
n'/4 points n'/%,2n1/4 3n1/4 ... n'/? [BoMo74], Strassen had noted [St76] that log, n-bit
integers can be factored deterministically in time ~ n'/4 with no sophisticated appeal to
number theory. (This is described as the Pollard-Strassen algorithm in [GaGe03] and was
also known to Borodin [Bo07]; even today, no better provable upper bound on the running
time of a deterministic factoring algorithm is known.)
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The significance of the 7-conjecture extends beyond the prospect of its failure possibly
leading to efficient integer factoring algorithms: if the conjecture holds, then P¢ # NP¢
in the Blum-Shub-Smale model of computation over the reals [BCSS97]. Smale therefore
suggested the 7-conjecture, in the form there exist universal constants o and (8 such that any
polynomial f(x) € Z[z] has no more than o-7(f)? distinct integer zeros, as the fourth most
important mathematical challenge left open at the turn of the millennium [Sm00]. Smale
[SmO00] reports private communications with Schénhage, Shub and Biirgisser extracting from
Strassen’s work that 8 in the 7 conjecture has to be at least 2, yet Rojas [Ro03] mentions
that the case g =1 is still open.

Biirgisser [Bu01] extended the 7-conjecture to arbitrary number fields and further allowed
any base ring elements as circuit inputs. Biirgisser conjectured that for some 3, any poly-
nomial f(z) € Q[z] has at most (L(f) + d)? irreducible factors of degree at most d, where
L(f) is the size of a smallest {+, —, X, +}-circuit computing f(z) from {2} UQ. Biirgisser’s
conjecture became known as the L-conjecture, and it clearly implies the 7-conjecture.

A weakened L-conjecture was studied by Cheng [Ch04]. Cheng showed that if true, his
conjecture would improve and yield an independent proof of recent results concerning elliptic
curves. The L-conjecture implies Cheng’s weaker version, but the connection between
Cheng’s conjecture and the 7-conjecture is unclear. See Cheng [Ch04] and [Ro03] for an
account of the history and for the latest results, including the observation that no significant
progress has been reported on the 7-conjecture itself, and the best known upper bound
[Ro03] on the number of roots as a function of the number of additive gates.

The present paper derives from empirical work concerning integer polynomials of degree
2™ for n = 1,2,3,4. For these values of n we managed to combine n product gates and n
addition gates into circuits that compute, from the input z and carefully selected integer
inputs, polynomials p(z) € Z[z] of degree 2™ having 2" distinct roots in Z. So we ask:

Do such phenomenally efficient

circuits exist for every n?
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Figure 1: The leftmost circuit has zeros 0, —1, —2, —3, the second one has zeros 0, —1, —2,
—4, =7, =9, —10, —11 and the third one has zeros 0, —4, —7, —12, —118, —133,
—145, —178, —189, —222, —234, —249, —355, —360, —363, —367.
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A positive answer would disprove the L-conjecture in a strong sense. A negative answer
would constitute a modest first step towards proving it. Our initial expectation was to
readily dispose of the question. Yet we cannot resolve it.
If ¢ is a {+, —, x }-circuit (see Section 2) with inputs from {z} UZ, we will write
e ¢, for the total number of additive, i.e. addition or subtraction, gates in c,
e ¢y for the total number of product gates in c,
e f.(x) € Z[z] for the polynomial computed by c,
e izeros, for {a € Z: fc.(a) = 0}.
We will say that
e c is a d-gem, where d is any positive integer, if d = |izeros.| = deg(f.(x)) and
cx < {4, where £4 is the length of a shortest addition chain for d, which is the same
as the size of a (1,+)-circuit,
e c is skew if every additive gate in ¢ has one input from Z,
e cis an optimal d-gem (resp. an optimal skew d-gem) if ¢ is a d-gem provably having a
minimal number of additive gates among all d-gems (resp. among all skew d-gems).
Hence a 2"-gem is a {+, —, X }-circuit with n product gates that computes a polynomial of
maximum degree 2" and this polynomial factors completely with its 2™ roots integer and
distinct. The examples in Figure 1 are 2"-gems which are optimal skew. If d-gems exist for
infinitely many d, then the L-conjecture fails (Proposition 1.3).
The contributions of this paper are the following:

e we construct skew d-gems for d < 22 (see Figure 2);

e we construct d-gems for d = 24, 25, 26, 27, 28,29, 30, 31, 36, 37,42, 54, 55 (see Fig. 2);

e we show that for d < 71, d-gems require {4 product gates; we conclude that all the
d-gems we are able to construct have a minimal number of product gates;

e we show that a skew 2"-gem can be normalized, that is, ¢ can be transformed into
another skew 2"-gem ¢’ such that the first gate of ¢ computes z x z and there are
2n —1 successive other gates that alternate between adding a constant and squaring;

e we observe that skew 2"-gems for n > 5 would provide new solutions of size on—1
to the Prouhet-Tarry-Escott problem of number theory, a problem with an almost
200-year history (see for instance [BoIn94]); we spell out the extra conditions that
a PTE solution would have to verify for it to yield a 2™-gem in return;

e we construct skew d-gems over the reals, i.e. with inputs from R U {x} and the
requirement of distinct roots in R, for every d;

e we prove that any skew 2™-gem over the reals requires at least n additive gates; we
conclude that our skew 2"-gems (over Z) for n = 1,2, 3,4 are optimal.

1. Formal definitions and preliminaries

An arithmetic circuit is a rooted directed acyclic graph with in-degree-2 nodes called gates
labeled by x,+,— and in-degree-0 nodes labeled by integer constants and variables. In
this paper we only consider univariate polynomials. An arithmetic circuit ¢ represents a
polynomial f.(x) € Z[z]. A zero or root of ¢ is an integer zero of the polynomial f.(z),
i.e. an integer a such that f.(a) = 0. For example, the circuit ¢ shown on the left of Figure
1 has ¢x = 2 product gates, it has c; = 2 additive gates and it represents the degree-4
polynomial f.(z) = (z(z + 3))(x(x + 3) + 2) = 2* + 623 + 112 + 6x. This polynomial is
easily seen to have the set izeros. = {0, —1, —2, —3} of integer zeroes.
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d | cx | et fe(x) izeros,
1]o0]o0 x {0}
2111 2 -1 {-1,1}
31211 (22 — 1)x {-1,0,1}
412 2 ((xz* —5)% —16 {-1,1,-3,3}
5131 2 (((2® — 5)* — 16)x {0,-2,2,-3,3}
513 2 (z? — 1)((;c2 - 4)17) {0,-1,1,-2,2}
6| 3| 2 ((x* — 25) 242)( 25) {-1,1,-7,7,-5,5}
6| 3| 2 ((m — T )2 {1,2,-3,-1,-2,3}
742 (((z* = 7)x)? 36) {0,-1,1,-2,2,-3,3}
7T 4] 2 ((x - 25) —24%)(2® — 25)x {0,-1,1,-7,7,-5,5}
8|3 |3 (((z? — 65)% — 1696)% — 207360 {-3,3,—11,11,-7,7,-9,9}
91 4| 2 (((2* — 49)z)* — 120%)((z? — 49)x) {0,-3,3,-5,5,—8,8, 7,7}
2 2 2
0|43 ((y V;ﬁfi‘*f)(x;_l%f;;? )y {~5,-35,-17, 31, -25,5,35, 17, 31,25}
10| 4| 3 (((® — 250) — 14436)2)? — 1612802 {—4,-8,14,18,-20,4,8, —14, —18,20}
1|5 | 3 The above xx {0,-5,-35,—17,—31,-25,5,35,17, 31, 25}
12 4| 3 (((z* — 91)z)? — 58500)% — 504002 {-1,-9,10,1,9,-10,—5,—6,11,5,6, —11}
13|15 | 3 The above xx The above U{0}
145 3 (2 =7Hz)? —..)2 =)@ =) {£49, 16, 39, 55, 21, 35, 56}
2 2 2 2
1553 yx(y vv_it?l)14z2£ ();2 @74_)364”60 ) {£0,49, 16,39, 55, 21, 35, 56}
16| 4| 4 ((((x* — 67405)% — ..)2 — ..)% — ... {£11, 367,131,343, £77,359, 101, 353}
17| 5 | 4 The above xx The above U{0}
18| 5|5 fers - (2% — 1) {#1,11,367,131, 343,77, 359, 101, 353}
2 2 2 2 2 2
85 [ 4| W~ 248:1Vi)thxy(y: (_zﬁ‘l_l%).xl?g‘/w ~ 5916%) {+4,23,27,7,21,27,12,17,29}
191 6 | 4 The above xx The above U{0}
200 5|5 fers - (2% — 67405)2 — 3958423056) {+67,361,11,367,131, 343, 77,359, 101, 353}
2 2 2 2

21| 6 | 4 (;’2 * (2%36432)7251)1‘5)}12 (i ($21EO7A‘2891;§)x {£0,91,11, 85,96, 19, 80, 99, 39, 65, 104}
226 | 6 feso - (2% — 1) {%1,67,361,11, 367,131, 343, 77, 359, 101, 353}
23 has the unique minimal chain 1,2, 3,5, 10, 20,23 and we have been unable to find a 23-gem so far.
24| 5 fes (W) with y = (2 —7-13-19)z {£3,40,43,8,37,45, 15, 32,47, 23, 25, 48}
o1 | 5 | 442 2(2 + CProp.2.10) With y = (2% — 11763)% and {£22,61, 86,127,140, 151,

z=(y+2412° + )(y+1952° + .)(y + 2* + ..) 35,47,94,121,146, 148}
26 | 6 | 443 fe2a - (22 — 1) Setes U{—1,1}
27| 6 Y X feu(y?) with y = (2% — 7% - 13%)z Seto; U {£49,56,105}
28 | 6 | 560 feoa - (y+ 1172% + ...) Setos U {—1,1, 153,153}

2y . 3 o2 1o2 +13,390, 403, 35, 378, 413, 70, 357, 427,

3016 Jes (y7) with y = (&7 = 77137 19)2 ! 103,335, 438, 117, 325, 442}
36| 6 fee (¥?) with y = (22 — 72 - 13- 19)z Setzo U {£137, 310, 447}
42| 7 fer (y?) with y = (2% — 7213 - 19)x Setss U {4182,273,455}
54 | 7 feo (%) with y = (2% — 7% -13% - 19)x Setqs U {£202, 255,457, 225,233, 458}
55| 8 The above xz The above U{0}

Figure 2: Some skew d-gems for d < 22. When two examples are given for a given d, these
arise from different minimal addition chains for d. The functions f., are from
Lemma 3.2 if ¢ < 9 and from the i-gem in this table otherwise. Constructions
are explained in the text or the appendix. We omitted the cases d = 25,29, 31, 37

which, like the case d = 55 here, are obtained by extending a (d —

1)-gem; we

note that such an extension does not work for 43 which has a shorter addition
chain not using the 42.
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An addition chain for a natural number d is an increasing sequence dg = 1,dq,...,d; = d
of natural numbers such that each d; for ¢ > 0 is the sum of two earlier numbers in the
sequence. We write ¢; for the minimal k£ such that there is an addition chain such that
dj, = d. The polynomial z? is computable by a circuit having ¢4 product gates (see [Kn81]
for extensive related facts on addition chains).

Definition 1.1. A d-gem is a circuit ¢ such that d = |izeros.| = deg(f.(x)) and cx < £4.

Note that we do not impose for a d-gem c that cx be minimal, although this follows when
d = 2" for some n since then

2fen = 9" — ( = |izeros,| = deg(f.(x)) < 2¢% < 2fa = 9fon

implying that cx = ¢4 is the only choice in that case. It is an amazing prospect, brought to
our attention by Allan Borodin, that unpublished work by Strassen might have uncovered
circuits ¢ with ¢x < leg(f.())- For that reason, our requirement on d-gems is “cx < 447
rather than “c, = ¢;” or “cis {x}-optimal”. Nonetheless we can show the following, which
implies that all d-gems constructed in this paper have a minimal number of product gates,
since d < 71 implies d > 243 (see [Kn81, P. 446]).

Lemma 1.2. If d > 2473 then any {x,+, —}-circuit computing a polynomial of degree d
requires at least €4 product gates.

Proposition 1.3. If d-gems exist for infinitely many values of d, then the L-conjecture
fails.

2. d-gems when d is a power of 2

In this section we first develop sufficient conditions for the existence of a skew 2"-gem.
Then we construct 2"-gems systematically for n < 3, and by computer search for n = 4.
For n > 5, it is neither known whether our sufficient conditions can be met nor whether
2"-gems exist.

Lemma 2.1. Let T, (a1, aq,...,aon) be the full binary tree of height n > 2 in which the leaf
J for 1 <5 < 2" is labeled a; € Z and each internal node v is labeled with the product of
the labels of the leaves subtended by v. Suppose that for 1 < i < n, each of the 2* nodes at
level i has the same “litter sum”, where the “litter sum” of a node is the sum of the labels
of its two children. Then the skew circuit ¢ below (expressed as a straight-line program),

Yo < T — ap
Y1 < Yo X (yo + (a1 — az))
Y2 < y1 X (y1 + (aza4 — ara2))

Y3 < y2 X (y2 + (asasarag — arazasay))

on gn—1
Yn < Yn—1 X (Yn—1+ ( H a; — H ai ),
i=2n=141 i=1

computes the polynomial p(z) = [];<;<on(® — ai).
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Proof. When n = 2 the circuit correctly computes p(z) = y1(x) = (xr—a1)(z—a1+ (a1 —a2)).
For the inductive step, we can write

p(@) =[(z — a1)(z — a2)] X [(z — a3)(z — aq)] x -+ x [(x — agn_1)(x — azn)]

=[z? — (a1 + a2)x + ar1a9] x [2% — (a3 + a4)x + azay] - - - [% — (agn_1 + a2n)x + agn_1agn]
=[z? — (a1 + a2)x + a1a9] x [2° — (a1 + a9)x + azay] - - - [z% — (a1 + az)x + agn_1a9n]
since each node at level n — 1 in T),(ay,ag,...,asn) has the litter sum a; + ag. Letting

y=a?— (a1 + az)z,

p(x) = (y + ara2) X (y + azaq) x -+ X (y + agn_1a9n)

= q(y).
Now the litter sum conditions imposed by the tree T;,_1(—aja2, —asayq, ..., —agn_1aan) are
identical to the litter sum conditions imposed by the top part T),—1(aia2, agay, . .., an_1a2n)
of T, (a1,as,...,asn). Hence by induction, the circuit

20« y — (—a1a2)
21— 20 X (20 + (—a1a2 — (—aszaq)))

29 «— z1 X (21 + (asagarag — ajazasay))

27171 2n72
Zn—1 « Zn—2 X (Zn—2 + ( H a; — H a; ))
i=2n—241 i=1

computes the polynomial ¢(y). Now one checks that zg = y — (—a1a2) = y1 and z; =
20 X (20 + (—a1a2 — (—agayq))) = y2, from which it follows that for 0 <i <n—1, z; = yi41.m

2.1. 2-gems and 4-gems
For any a1 < ag < ag < a4 € Z there is a 2-gem computing (z — a1)(x — az), and the 4-gem
Yo — T —ay
Yy <~— T —az
Y2 <~ Yo XY
ys—y2+ x+z+---+z +(azas — araz)
a1+aa—az—ag times
Y4 <~ Y2 X Y3

computes p(x) = (z — a1)(x — a2)(z — az)(x — aq). Alternatively, when the litter sum
conditions from Ty(ay, a4, az,as) are fulfilled, namely when a; + a4 = as + ag, Lemma 2.1
yields a much more efficient (skew) 4-gem for p(x), having only 3 additive gates. We thus
record:

Proposition 2.2. For any a1 < az < ag < a4 € 7, there is a 4-gem computing H?Zl(a:—al),
and if a1 + a4 = az + az then a skew 4-gem with 3 additive gates (2 additive gates if ap = 0)
computes it.
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2.2, 8-gems

Not all polynomials p(x) € Z[x] of degree 8 having 8 distinct roots seem to have an 8-gem.
But we can construct an 8-gem by prepending “y < x X x” to the 4-gem for the polynomial
qy) = (y — a®)(y — b*)(y — ¢?)(y — b?) available by Proposition 2.2. If a® + d? = b + 2,
then Proposition 2.2 further yields a skew 4-gem with 3 additive gates for ¢(y), proving:

2 2

Proposition 2.3. For any 0 < a® < ¢? < d? < b? € Z, there is an 8-gem computing
the polynomial p(x) = (x — a)(x + a)(x — b)(x + b)(z — ¢)(z + ¢)(z — d)(x + d), and if
a? +b% = % + d? then a skew 8-gem with 3 additive gates computes it.

We note in the following that distinct a, b, ¢, d fulfilling a® + b? = ¢? 4+ d? abound.
Proposition 2.4. If p = e? + f2 and q = g% + h? are distinct primes, then a = |eg + fhl,
b=leh— fg|, c=|eg — fh| and d = |eh + fg| are distinct integers verifying

a4+ b =+ d2
Corollary 2.5. There are infinitely many sets {a?,b%, c?,d?} of 4 distinct non-zero squares

such that a skew 8-gem exists computing (r—a)(x+a)(z—>b)(x+b)(x—c)(z+c)(x—d)(z+d)
using 8 additive gates.

2.3. 16-gems

We constructed skew 16-gems by using a computer to search for skew 8-gems computing
a(y) = (y—a®)(y—0°)(y — )y —d*)(y — e*)(y — f*)(y — 9*)(y —h*). A 16-gem is obtained
at no extra additive cost from such an 8-gem by prepending it with “y «— x x 2”. To
obtain a skew 8-gem for ¢(y), we exploited Lemma 2.1. The litter sum conditions from
Ty(a?, b, %, d? €2, f2, g%, h?) are then

a2+b2:C2+d2:€2+f2292+h2
(ab)* + (cd)® = (ef)? + (gh)*.

By running a small computer for several hours, we found several examples of sequences of
numbers fulfilling the above litter sum conditions. In particular:

Proposition 2.6. A 16-gem with 4 additive gates exists to compute the polynomial of degree
16 having the 16 roots {£237,+106,+189,+178,+227,+127,+218, +141}.

The Appendix contains other 16-gem examples, some obtained by a variant of Lemma 2.1.

2.4. Normal form for 2"-gems

Definition 2.7. A 2"-gem c is normalized if it is skew, it contains no subtraction gate,
¢t = cx (=n), and x-gates and +-gates alternate along every path from x to the output
gate, which is a +.

Note that the graph of a normalized 2"-gem depends only on n, since every path from x
to the output gate must encounter every x-gate for the degree of f.(z) to reach 2", and
alternation implies that every such path encounters every +-gate as well. Hence, starting
from x, a normalized 2"-gem repeatedly squares and adds an integer. A normalized 2"-gem
is thus entirely described by a sequence of n integers.
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Lemma 2.8. (Normal form) Given ai,...,asn € Z and a skew 2"™-gem computing the
polynomial Hfil(x —a;), there exist s € Z and t € {1,2} such that the polynomial Hfil(x -
t(a; + s)) is computed by a normalized 2™-gem.

2.5. 2"-gems and the Prouhet-Tarry-Escott problem

Definition 2.9. (see [BoIn94]) Two sets {a1, ...am}, {b1,...bm } solve to the Prouhet-Tarry-
Escott problem (PTE) of degree k if at + ... +al, = b} + ... + bl for all i < k. A solution is
called ideal if &k = m — 1. A solution of the form {a1, —a1,...,am 2, —@p/2}, {b1, =b1,. ..,
bm/2; —bms2} is called symmetric and we abbreviate it by {a1,..., @y 2}, {b1,. .., b2}

The following proposition will serve to relate gems and PTEs. This proposition is an “ele-
mentary property”, stated as Proposition 1 in [BoIn94] and known at least since [DoBr37].
Let p(z) = (x —a1)(z —ag) - - - (x — ap,) and q(x) = (x — b1)(x — by) - - - (x — byy,). Define, for

m m
k=1,2,...,m, sp=> aF and t;, = > b
i=1 i=1

Proposition 2.10. (Well known, see [BoIn94].) The following are equivalent:
® 51 =11 and so =ty and s3 =t3 and --- and s, =t
o degreelp(z) — q(x)] <m — (k+1).

Corollary 2.11. For any n > 1 and any skew 2"-gem ¢ such that izeros. = {a1,...,aon},
there is a partition SWT = {a1,...,am} such that the pair S,T is an ideal PTE solution
of size 21,

Proof. We first apply Lemma 2.8 to normalize c¢. The result is a circuit ¢’ computing a
polynomial [[%,(x — t(a; + s)) for some s € Z and ¢t € {1,2}. This polynomial equals
(r(x))? — e for some polynomial 7(x), where e € N results from the last addition in ¢/. Now
(r(z))? — e = p(x)q(x), where p(z) = (r(z) + v/€) and q(x) = (r(z) — \/€). Since Z[z] is
a Euclidian ring, p(z) and ¢(z) must each have 2"~! distinct roots. (Thus y/e € N.) The
degree of p(z) — g(x) is 0, so applying Proposition 2.11 with k¥ = m — 1 shows that the
roots of p(z) and the roots of g(z) form an ideal PTE solution of size 2"~!. Dividing out
everywhere by t yields another PTE solution, and it is well known [BoIn94] that shifting
from a; + s back to a; also preserves PTE solutions. n

The example on the right side of Figure 5 leads to the symmetric ideal solution
{212,356, 388,474}, {352, 282,454, 436}.

This solution has the additional property that 2122 + 474% = 269620 = 3562 + 3882.

Now, can we go the other way around and construct 2™-gems from PTE solutions? Consider
the ideal symmetric solution {2, 16,21, 25}, {5, 14, 23,24} (from [BoIn94]). We would have
to express p(r) = (22—22)(22-162)(2%2—212%)(2?—25?) using 3 products. This could be done
by calculating (22 — 22)(2? — 252) using 2 products, then forming (22 — 162)(x? — 212) from
(22 — 22)(2% — 252) (where repeated additions of x2 would be necessary because 22 + 252 #
162 + 212), and finally obtaining p(x) using one last product. Thus the 16-gems obtained
from the PTE would not be skew.

Section 3 will expand on the usefulness of PTEs, for example constructing a 24-gems from
a PTE solution of degree 12. But even if PTE solutions of degree 16 were known, we would
need additional properties to exploit the above idea in constructing a 32-gem.
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Naturally, conditions stronger than those afforded by ideal PTE solutions do imply skew
2"-gems. We give a concise description of these now.

Definition 2.12. A pair of sets of the form {a1, —a1,..., @y 2, =@/}, {b1, =b1, ..., by,
—bm/g} is called sym-perfect if either m = 2, or there exists s € Z such that {a? +
Syerns afn/z + s}, {b? +s,. .., bfn/Q + s} is sym-perfect.

If we assume w.l.o.g. that a% is the smallest and a%lm is the biggest number in {a%, e a%l/Q},
then the shift s occurring in the recursive definition of sym-perfect is necessarily equal to
—(a} + a2, /2) /2 (which is also the average of all the numbers that occur).

An example of a sym-perfect pair is {—3,3,—11,11},{-7,7,—-9,9}, since {9 — 65,121 —
65},{49 — 65,81 — 65} is sym-perfect.

Theorem 2.13. A pair {a1, —a1...a9n /2, —agn /2 },{b1, =b1, ...ban j2, —bon 9} is sym-perfect if
and only if the numbers involved are the zeros of a normalized 2" '-gem.

Proof: The pair {(a3 — b3)/2},{(b3 — a3)/2} corresponds to the 2-gem c with f.(z) =
2?2 — ((@? — v2)/2)? and izeros. = {(a? — b?)/2,(b? — a?)/2} for n = 1, where s =
(—a? — b?)/2. Assume by induction that the pair {a? — s, ...agn/Q — s}, {b? — s, ...bgn/z — s}
corresponds to the 2"-gem ¢ with izeros. = {a? — s, ...a%n/z — 5,02 — s, ...bgn/z — s}, then
the pair {a1, —a1...agn 9, —agn 2}, {b1, =b1, ...bgn j2, —ban 5} corresponds to the 2"*!-gem ¢’
with fu(z) = fe(2? — s) with izeros! = {a, —@1...agn /9, —Agn 2,01, =b1, ...ban 2, —ban /o }.

Since the powers in odd PTE-equations cancel in a symmetric pair and the even PTE-

equations follow by recursion, we get the following corollary giving us an alternative proof
for Corollary 2.11:

Corollary 2.14. A sym-perfect pair is an ideal, symmetric PTE solution.

2.6. Skew 2"-gems require n additive gates

We already noted that a circuit ¢ representing a polynomial f. with 2" distinct integer
zeros needs > n multiplications. In the following we will show that if ¢ has exactly n
multiplications and c is skew, then ¢ needs > n additive gates. We are able to prove this
because the result holds over the real numbers.

Let A be Z, Q or R. For short, we will say that a nonzero polynomial p(z) € R[z] crumbles
over A if deg(p) = 0 or if p has deg(p) distinct roots in A.

Proposition 2.15. Let A be Z, Q or R. Let p(z) € R[x] and q(x) € R[z]. If pqg crumbles
over A then both p and q crumble over A.

Proposition 2.16. (Rolle) Over R, the derivative of a crumbling polynomial crumbles. [

Note that Rolle only applies over R. For example, (x —1)(z —2)(z —3) crumbles over Z but
its derivative 322 — 12z + 11 crumbles neither over Z nor over Q. This explains our current
need to work over R to prove a lower bound on the number of additive gates in a 2"™-gem
(over Z). Recall that a 2™-gem over R refers to a {4+, —, x }-circuit with n product gates
that computes from R U {z} a degree-2" polynomial p(z) € R[x] that crumbles over R.
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Lemma 2.17. Let e € R and suppose that a polynomial p(z) + e € Rx] of degree 2™
crumbles over R. Then the following holds:

H1. Any skew gem over R for p(x) has at least n — 1 additive gates.

H2. If e =0 then any skew gem over R for p(x) has at least n additive gates.

Theorem 2.18. A skew 2"-gem over the reals has at least n additive gates.
Proof. This follows by applying Lemma 2.17 with e = 0. n
Corollary 2.19. Any skew 2"-gem (over Z) requires n additive gates.

Proof. Let a skew gem ¢ compute p(z) € Z[z]. Then c is also a skew gem over the reals for
p(z) viewed as a real polynomial. By Theorem 2.18, ¢ must have at least n real additive
gates, hence a fortiori n integer additive gates. [

3. d-gems for general d

Example 1 in [Ro03] is a sequence of 2"-gems over the reals for any n. The following
variation yields optimal 2"-gems: g1 = z and gi+1(x) = g2(z) — 2, 1 < i < n, yields
gn(x) € R[z] having 2" distinct roots in [—2,2]. We extend this to arbitrary degrees:

Proposition 3.1. For every d > 0, there exists an optimal d-gem over the reals.

The construction in the proof of Lemma 3.1 will lead to at most {4 additions (which occurs
in the cases of a; = 2'). In some cases like d = 3,7,9,27,81, we have [;/2 additions. We
conjecture that l3/2 is a lower bound for the number of additions in a d-gem.

Lemma 3.2. For everyd <7 and d =9, for every set of distinct integers {a1,...,aq}, there
is a d-gem cq such that f.,(z) = (x —a1)(x — ag) - (x — aq).

Proof. The d-gems are obtained as follows: fe,(z) = (x — ay), fe,(x) = (x —a1) X (x — az),
fes (@) = fer () X (x — a3),
fea () = fey (2) X (feo (@) + (a1 + a2 — a3 — a4) - © + (azas — a1a2)),
fes (@) = fey(z) X (x — a5),
feo () = fes () X (fes(z) +a- feo() + (a- (a1 + a2) — a1ag — ajaz — agas3) - « + (agasa6 —
ajazas — a - ajag)) with a = (a1 + a2 + ag — ag — as — ag),
fc7(:(}) = f%(x) X (x - a7)a
Jeo(x) = feg(2) X (fes(x) + @ feo(x) + (a- (a1 + a2) — a1a2 — araz — aza3) - x + (aragag —
ajazaz — a - araz)) with a = (a; + a2 + as — a7 — ag — ayg),

n

Extending Lemma 3.2 to include d = 8 would require a; 4+ as + a3 + a4 = a5 + ag + a7 + ag
since we are not able to compensate the monomial of degree 3 in f., otherwise.

Note that the number of additive gates used in the gems from Lemma 3.2 is not minimum:
We need one additive gate less if one of the zeros is 0 or if w.l.o.g. a1 = —ao. This allows
to save two additive gates in the case of d > 3. For d > 4 we have constant factors, which
are regarded as a constant number of additions, for example |(a; + a2 — ag — a4)| additional
additive gates for d = 4.

Lemma 3.3. Let h(z) € Z[z] and mi,ma,...,mq € Z. Suppose that each one of the d
polynomials h(x) —m; is computed by a gem and that no two such polynomials share a root.
If g + Lacg(n) < Ladeg(n) and fe(y) = (y —ma)(y —m2) - (y — ma) for some d-gem c, then
there is a gem computing f.(h(x)).
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Proof. For any a € Z, f.(h(a)) = 0 iff h(a) = m; for some i iff @ is a root of one of the
polynomials h(z) — m;. No two such polynomials share a root and, being computed by a
gem, each such polynomial has distinct roots. Hence f.(h(x)) is a polynomial of degree
d - deg(h) having d - deg(h) distinct roots. To compute f.(h(z)), we use at most Lyeg(n)
product gates to compute h(z) by adding m; to the gem for h(xz) —m1, and we use another
{4 product gates to feed h(z) into c. In total, at most £gq + £geg(n) Product gates are used,
and this is at most yeg(f.(n(2))) Py hypothesis. =

We illustrate the use of Lemma 3.3 in the following;:

Theorem 3.4. There exist 36-gems and 54-gems.

4. Conclusion

Lipton’s algorithm for efficiently factoring integers on average [Li94] suggests the following
strategy for factoring a 2n-bit integer N = pq, for primes p and g of comparable size:

e assume distinct a; € Z and a circuit ¢ computing f.(z) = H?Zl(a: —a;) € Z[z]
pick a € {0,..., N — 1} at random
compute d = f.(a) modulo N by evaluating each gate in ¢ modulo N
output ged(d, N).
This is a heuristic and not a legitimate probabilistic algorithm because its success probability
depends on the distribution of the 2" integers (a — a;) modulo N. If this is close to uniform,
then indeed Problp = ged(d, N)|] = Prob[p divides f.(a) but ¢ does not| = constant. But
the strategy runs in time polynomial in the number of bits required to represent ¢, and
Smale’s T-conjecture [Sm00] claims that this number is exponential in n.
In this paper we introduced gems, ie circuits ¢ as in the above strategy, but required to
have an almost optimal number of product gates and permitted to use arbitrary size inputs.
Such 2"-gems could thus serve to factor IV, provided their integer inputs modulo N can be
computed in time polynomial in n = O(log N).
We have shown that d-gems over the real numbers exist for every d. But the d-gems we
care about (over Z) quickly run into uncharted number-theoretic territory. In particular,
constructing skew 2™-gems for n > 5 would yield new solutions to the Prouhet-Tarry-Escott
problem. These solutions would fulfill even more than the Prouhet-Tarry-Escott conditions.
Yet skew 2"-gems for n > 5 cannot currently be ruled out. This is a measure of the current
inaccessibility of L-conjecture [Bu0l], since skew 2"-gems would provide the most severe
counter-examples imaginable to it.
We have constructed d-gems for several small values of d, including skew 2™-gems for n < 4
(see figures 2 and 4). We have proved that skew 2"-gems, if they exist, require n additive
gates. We have shown that for d < 71, no circuit is able to compute a degree-d polynomial
using fewer than ¢; product gates. Hence all the gems constructed so far are x-optimal,
and our 2"-gems for n < 4 are also {+, — }-optimal.
Numerous open questions arise from this work, but our main open question is whether d-
gems exist for every d. Perhaps a more accessible question is whether skew 2"-gems exist
for n > 5. As seen above, constructing skew 2"-gems or disproving their existence seems
like an unavoidable first step towards resolving the L-conjecture. But even this first step
will apparently require serious advances in number theory.
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Appendix: proofs, further explanations, examples

Lemma 1.2 If d > 23 then any {X,+, —}-circuit computing a polynomial of degree d
requires at least ¢; product gates.

Proof. Assume there is a circuit ¢ with a minimum number of multiplication gates to com-
pute a polynomial of degree d but cx < lg. Since multiplication gates can only add the
degrees of their outputs and additive gates can not increase the degree, the circuit must
contain an additive gate g with its output having degree d; and its inputs having degree
do > di. This means the degree ds is cancelled in g. Since additive gates produce only
linear combinations of outputs from multiplication gates, we can assume a normal form
in which additive gates are only connected in paths which have an output of a multipli-
cation gate either only subtracted or only added. This means there must be two multi-
plication gates ¢g; and g2 producing the same degree ds. Thus we can already estimate
d < d12c7ip < decip < 9oy’ H14el < 20x~1 < 9la=2 where each multiplication in the upper
(c¥? many) and the lower part (¢! many) of the circuit (excluding g; and go) can do one
doubling. But we want a better estimation:

Let the inputs to gate g1 have the degrees ds and d4 thus do = d3 + d4. Assume w.l.o.g.
ds > dy. If gate go also has the input degrees d3 and dy4, then both gates calculate a product
of the form (azz® + ... +asz® +...)(agx™ + ... + agz? 4 ...) where d5 and dg are the highest
degrees were the quotient a3 /a5 and a4 /ag differ between ¢g; and go. This means the products
have the form (a3 4 ... +ags2MT%5 4. or (azgz®TH 4+ . +azez®T% 4 .) and since
degree ds + d4 is cancelled in g, the output has degree dy = d4 +d5 or di = d3 + dg. Assume
w.l.o.g. g to be the highest gate in ¢ having a reduction of the degree by cancellation. Then
we can replace gate go by an appropriate multiple of g; and replace g by an appropriate
multiple of a new multiplication gate producing degree dy = d4 + ds or di = d3 + dg where
degrees dy4, ds, ds, dg can be produced with addtive gates from the lower part of the circuit.
The choice af appropriate multiples (using addition gates) can avoid a cancellation in the
upper part of the circuit and thus the changed circuit can produce the same degree d with
the same number of multiplication gates but using no cancellation for degree d; or above
and we can repeat the whole argumentation with a smaller ds.

Now we consider the case that go has different input degrees dj and dj and w.l.o.g. df >
ds > dy4 > dj. With the same argument as above, there must be two multiplication gates g3
and g4 producing either the same degree > d3 or producing the degrees d3 and df directly.
Thus we have the four gates g1, g2, g3, g5 not counted in ¢} + clxow = cx — 4 and we can
estimate d < d1207;p < d22cip < d32cip+1 < 9o 2+ < 20x72 < 9la=3 contradicting the
assumptions. [

Even better estimations may be obtained by further case distinctions.
Proposition 1.3. If d-gems exist for infinitely many values of d, then the L-conjecture
fails.

Proof. Since c¢x < {3 < 2lgd, a d-gem ¢ computes, even without division, a polynomial
having d = Q(2v**) distinct integer roots. To disprove the L-conjecture, we need a lower
bound in terms of the total number of gates in the circuit. It thus suffices to argue that a
d-gem c can be simulated by a {x, 4, —}-circuit of total size polynomial in ¢. To do this,
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we note as in [PaSt73] that for 1 <i < ¢y, the ith product gate g in ¢ computes

i—1 i—1
> aigu | < [ D biguy (4.1)
j=—1 j=—1
where a;;,b;; € Z, p—1 = 1, po = = and pq,...,u;—1 are polynomials computed by
earlier product gates. Hence a subcircuit of size linear in c¢x can compute (4.1) from
[—1, {10 - - -  fti—1 and the integer constants. It follows that a circuit ¢’ with ¢}, +¢/, = O(c%)
computes f.(z).
[

Proposition 2.4. If p = e? + f2 and ¢ = g% + h? are distinct primes, then a = |eg + fhl,
b=|eh— fg|,c=|eg — fh] and d = |eh + fg| are distinct integers verifying

a?+ b2 =%+ d2
Proof. We apply the following identity, known as the Brahmagupta-Fibonacci equation,

pa = (eg + fh)* + (eh — fg)* = (eg — fh)* + (eh + fg)*,
and show by a case analysis that a,b, c and d are distinct. ]

Corollary 2.5. There are infinitely many sets {a?,b%, c¢?, d?} of 4 distinct non-zero squares
such that a skew 8-gem exists computing (x—a)(z+a)(z—0b)(z+b)(z—c)(x+c)(x—d)(x+d)
using 3 additive gates.

Proof. By Dirichlet’s theorem on primes in arithmetic progressions (see [R093]), there are
infinitely many primes congruent to 1 modulo 4. Now it is well known (see [R093, Theorem
11.4]) that any such prime can be written as a sum of two non-zero squares. [

Lemma 2.8 (Normal form). Given aj,...,asn € Z and a skew 2"-gem computing the
polynomial H?Zl(m—ai), there exist s € Z and t € {1,2} such that the polynomial Hfil(ac—
t(a; + s)) is computed by a normalized 2™-gem.

Proof. In a skew circuit, if we have any addition gate with an input from another addition
gate, we may replace both by one addition gate adding both constants to form one new
constant, i.e. (x +a)+b=x(a+Db).

Since the degree of the polynomial computed by a gem has to double at each multiplication
gate, such a gate must be of the form (y + a) * (y + b) with a,b € Z, where y is the output
of the previous multiplication gate.

We can write (y+a) *(y+b) = y>+ (a+b)y+ab as (y+ (a+b)/2)*+ab— ((a+b)/2)* and
replace each multiplication gate accordingly. By combining sequential additions again, we
get alternating x gates and + gate; the + gate on the input level can be left out since it
just shifts the zeros.

In case some (a + b)/2 ¢ 7Z, we can stretch the zeros by a factor of 2 by multiplying the
constants on level i with 22°.
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Figure 3: The example of the 8-gem from Figure 1 in alternating squaring form (left side)
and after stretching by 2 (i.e. (—182)226 = —2073600) and shifting (right side).

An example of the transformation into normal form takes the 8-gem on the right of Figure 1
into the 8-gem depicted on the right of Figure 3.
Proposition 2.10 (Well known, see [BoIn94].) The following are equivalent:

e s; =t1 and sy =ty and s3 =tz and --- and s; =t}
e degree[p(x) — q(z)] <n— (k+1).
Proof. Apply Newton’s formulas [Usp48] to p(z) and ¢(x). These formulas relate the roots

ai,...,a, of the polynomial p(z) = Y cpa® to its coefficients by way of s1, s2, ..., s
i=0

s1+c1=0
S92+ c181 +2c2 =0
83+ c182+cas1 +3c3 =0

Sp +C18p—1 + C28p—2 + -+ +nc, =0.

Proposition 2.15. Let A be Z, Q or R. Let p(x) € R[z] and ¢(z) € R[z]. If pg crumbles
over A then both p and ¢ crumble over A.

Proof. Let pq crumble over A. If deg(p) = deg(q) = 0 then we are done. Otherwise, since
R is an entire ring, each root a € A of pq satisfies p(a) = 0 or g(a) = 0. The only way for
p and ¢ to account for the deg(p) + deg(q) distinct roots of pg in A is for p to absorb its
maximum number deg(p) of such roots and for ¢ to absorb the rest. Hence p and ¢ crumble
over A. n
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Lemma 2.17. Let e € R and suppose that a polynomial p(z) 4+ e € R[x] of degree 2™
crumbles over R. Then the following holds:

H1. Any skew gem over R for p(x) has at least n — 1 additive gates.

H2. If e = 0 then any skew gem over R for p(x) has at least n additive gates.

Proof. We use induction on n. In the base case n = 0, there is nothing to prove. So let
n > 1 and consider any polynomial p(z) € R[z] of degree 2". Let e € R be such that p + e
crumbles. We need to prove that H1 and H2 hold for p(x).

Consider any skew gem C' over R for p(x). Being skew and having precisely n product gates,
C has the tower form depicted on Figure 7 where each “ --” when present is a non-zero
real constant. Let ¢(z) € R[z] be the polynomial computed by the subcircuit Cy rooted
at the second x gate nearest to the output of C, with ¢(z) = x when n = 1. Note that
deg(q) = 2"~ ! and that Cy is a skew circuit having n—1 product gates. For some a,b,c € R,
p(z) is computed by C from ¢(x) as follows:

p(z) = (q(x) + a) x (q(x) +b) +c.
Then

pre=q¢+(@a+bgt+abtc+e
and the derivative [p 4 €]’ of p + e with respect to x satisfies

[p+el =2q¢ + (a+b)d
= (2¢+a+b)d
=g+ (a+b)/2] - [2¢'].

By Rolle, [p+ €]’ crumbles. By Proposition 2.15, ¢ + (a + b)/2 crumbles. The inductive H1
therefore implies that C, contains at least n — 2 additive gates.

Proving H2 for p(z):

We now assume that e = 0.

Case 1: Two or more among a, b and ¢ are nonzero. Then the total number of additive
gates in C' is at least 2+ (n —2) > n.

Case 2: Exactly one among a, b and ¢ is nonzero.

If ¢ # 0, then ¢ + (a +b)/2 = ¢q. Then the inductive H2 implies that C, has at least n — 1
additive gates, for a total of at least 1+ (n — 1) > n additive gates in C.

If ¢ = 0, then assume with no loss of generality that a = 0. Since p+ e = ¢(¢+ b) crumbles,
q crumbles by Proposition 2.15. The inductive H2 again implies that C, has at least n — 1
additive gates, for a total of at least 1+ (n — 1) > n additive gates in C.

Case 3: a = b =c=0. Then p = ¢* has repeated roots so this case is impossible.

Proving H1 for p(z):

We now assume that e # 0.

We have just proved that H2 holds for any polynomial of degree 2". Hence any gem over
the reals for the crumbling degree-2" polynomial [p(z) + e] + 0 requires at least n additive
gates. It follows that any gem over the reals computing p(x) requires at least n — 1 additive
gates, as required. [
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Proposition 3.1: For every d > 0, there exists an optimal d-gem over the reals.

Proof. Given a minimal addition chain a1, ..., a;, with a;, = d, we start with the input x as
the gate of degree ag = 1 and inductively define the subcircuit for degree a; such that the
function has a; distinct zeros. For each i we consider the gates with degree a; and ay for
J,k < with a; = a; + ag.

If the zeros of the corresponding functions are disjoint, we simply multiply the output of
these gates and obtain a function with a; distinct zeros.

If j = k, we also multiply (which means in this case we square) and obtain a function
with a; double zeros, then we subtract a constant 6 > 0, which is smaller than any local
maximum of this function. This leads to a; = 2a;, distinct zeros.

In the remainig case, we subtract a constant 6 > 0, which is smaller than any local maximum
of the function from the gate of degree a;, and multiply with the gate of degree a; and obtain
a function with a; distinct zeros.

In both cases, we can easily avoid the choice for § to result in one of the zeros to be identical
with a zero that occured before in the construction because there are only finitely such bad
choices among infinitely many possible choices. ]

Theorem 3.4. There exist 36-gems and 54-gems.

Proof. To get a 36-gem, we apply Lemma 3.3 with h(z) = (22 — 2s)2, where s is a positive
integer expressible in at least 9 essentially distinct ways as a sum of two nonzero squares
(such numbers abound, see [R0o93, WIMS]): s = a? + b3 = a4 + b3 = --- = a? + b3. Then
we let m; = 4s? — 16(1?()% and observe that for each i,

h(z) —m; = z* — 4s2® + 45 —m;
=zt — 4(a? 4 b?)z? + 16a2b?
= (% — 4a7) («* — 4b})
= (x4 2a;)(z — 2a;)(x + 2b;)(z — 2b;).

Hence the 9 polynomials h(z) — m; have pairwise disjoint sets of 4 distinct roots, and each
has a gem by Lemma 3.2. Since £4 + fg = 24+ 4 < f36 = 6 and Lemma 3.2 also provides a

9-gem cg such that f.,(y) = H?:l(y —m;), Lemma 3.3 yields a 36-gem for H?:1(h(ff) —m;).

To get a 54-gem, we apply Lemma 3.3 with h(x) = ((2% — s) x x)?, where s is a positive
integer expressible in at least 9 essentially distinct ways in the form (a? + b? 4 ab). Then

we let m; = (a;b;(a; + b;))? and observe that for each 4,
h(z) —m; = (2% — s) x )% — m;

= ((z% = (a? + b2 + a;b;))x)* — (azbi(a; +b;))?

= ((2% — (af + b7 + azb;))x — abi(a; + b)) (2 — (af + b7 + a;b;))x + a;bi(a; + b;))

= (z+a;)(x+b)(x—a;—b)(x—a)(x—0b)(x+a; +b;).
Hence the 9 polynomials h(z) — m; have pairwise disjoint sets of 6 distinct roots, and each
has a gem by Lemma 3.2. Since fg + l9g = 3+ 4 < f54 = 7 and Lemma 3.2 also provides a
9-gem cg such that fo,(y) = [[—;(y — mi), Lemma 3.3 yields a 36-gem for []o_, (h(z) —m;).
To get such an s, we apply the formula (a? 4+ b +ab)(c? + d? + cd) = (ac+bd +bc)? + (ad —
be)? + (ac + bd + be)(ad — be) instead of the Brahmagupta-Fibonachi equation iteratively
in several combinations. For example 7 = 22 + 12 + 2 and 13 = 3% + 12 + 3 have this form
thus ((z%2 — 7)z)? is 36 for + = —1,—2,3,1,2, -3, the function ((z? — 7 - 13)z)? is 902 for
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d | cx | et fe(x) izeros,
24| 5 fes (W) with y = (2% — 7-13 - 19)x {+3,40,43,8,37,45,15, 32,47, 23, 25, 48}
o1 | 5 | 440 2(2 + cprop.2.10) with y = (? — 11763)? and {£22,61,86,127,140, 151,
z=(y+2412° + ) (y + 1952 + .)(y + 2> + ..) 35,47,94,121, 146, 148}
25| 6 The above xx The above U{0}
26 | 6 | 443 fe2a - (22 — 1) Setes U{—1,1}
27| 6 Y X fe,(y?) with y = (2% = 72 - 13%)z Setar U {£49, 56,105}
28 | 6 | 560 feoa - (y + 1172% + ...) Setos U {—1,1, 153,153}
29| 7 The above xx The above U{0}
2\ 2 o2 o2 +13, 390,403, 35, 378,413, 70, 357, 427,
30| 6 fes(y?) with y = (2* — 7% - 132 - 19)x { 103, 335, 438, 117, 325, 442}
31| 7 The above xx The above U{0}
36| 6 feo (¥?) with y = (z? — 72132 . 19)x Setzo U {£137, 310, 447}
37| 7 The above xx The above U{0}
42| 7 fer (¥?) with y = (22 — 72 - 132 . 19)z Setss U {£182,273,455}
54 | 7 feo (¥?) with y = (2? — 72 - 132 - 19)x Setqs U {£202, 255,457, 225,233, 458}
55| 8 The above xx The above U{0}

Figure 4: Some d-gems as constructed for Theorem 3.4.

r=-1,-9,10,1,9,—-10 and 3302 for z = —5,—6,11,5,6, —11, the function (22 —7-7)z is
120 for x = —3,-5,8, it is —120 for x = 3,5, —8 and 0 for x = 0, —7,7. The table

x
((x? = 7%-13%-19)2)? | m1 = 20432107

ma = 546639902

ms = 106707302

ma = 151131902

z +3,40,43 +8,37,45 +15,32,47 +23,25,48
((x* —7-13-19)x)? my = 51602 ma = 133207 ms = 225602 my = 276007
+13, 390,403 +35, 378,413 +70, 357,427 +103,335,438 | £117, 325,442

ms = 168070502

+137,310, 447
me = 189840902

+182,273, 455
mr = 226071302

+202, 255,457
ms = 235400702

4225, 233, 458
my = 240106502

x
((x* —7%-13%-19)2)?

shows the values for constructing the gems in Figure 4. Note that the product 7-13-19 -
31 respectively. 7% - 13- 19 would already be sufficient for the construction of a 42-gem
respectively. 36-gem and produce smaller numbers there. ]

Multiplying our 54-gem with (z — as5) leads to the 55-gem f.,(h(z)) - (x — z55) which is the
highest which we found.

PTE solutions are useful for an alternative construction of a 24-gem in Figure 4. Indeed, if
we don’t care about the number of additive gates, we can assume that any constant multiple
of 22 is available once x? is. We use the symmetric ideal solution {22,61, 86,127, 140, 151},
{35,47,94,121,146, 148} found by Kuosa, Meyrignac and Shuwen [Shu01l] to construct a
circuit with 5 multiplications and 24 zeros as follows. Note that the polynomial

p(z) = (2 — 22%)(2* — 61%)(2® — 86%) (2 — 127%)(2® — 140%)(2* — 151%)

can be computed using 4 products, for example by calculating 2 and (2? — 11763)? =
x* — 2352622 + 117632 using 2 multiplications, then calculating (z* — 2328522 + 222 - 1512),
(z* — 2332122 + 612 - 140%) and (2% — 2352522 + 862 - 127%) using (only a few hundred)
additions, and finally computing p(x) by multiplying the latter three polynomials using 2
more products. By Proposition 2.10, there exists a constant cppop2.10 € Z such that

p(x) + cpropa10 = (2% — 35%)(2? — 47%) (2% — 94%)(2? — 1212) (2% — 146?) (2* — 148?%),

Hence one last product computes the 24-gems p(z) x (p(x) + cprop2.10)-
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Figure 5: Two 16-gems, found by a Java applet running several hours on a PC.

5. d-gems when d is a power of 2: (redundant but more explicit version of
Section 2)

We are interested in arithmetic circuits with many different integer zeros but only few gates.
The arithmetic circuit shown in the middle of Figure 1 has 6 gates and 8 different integer
zeros: 0,—1,—2,—4,—7,—9,—10,—11. This can be checked by brute force. The circuit
already has fewer gates than zeros. We can improve on this ratio. The arithmetic circuit
shown on the left of Figure 5 has 8 gates and 16 different integer zeros:

0,—4,—7,—12, 118, —133, —145, —178, —189, —222, —234, —249, —355, —360, —363, —367.

This can again be verified by computing the values f.(0), f.(—4),..., fo(—367) which are
all 0. As another example, the circuit shown on the right of Figure 5 also has 16 different
ZEros:

0,—-19,-10, —48, —59, —96, —111, —131, —343, =363, —378, —415, —426, —455, —464, —474.

5.1. A systematic construction for 8-gems

We will show how to construct an 8-gem from any pair of prime numbers congruent to 1
modulo 4.

It is well known that any prime congruent to 1 modulo 4 can be written as a sum of two
squares. Using Proposition 2.4, distinct integers a,b,c and d satisfying (E8.1) are thus
easy to come by. For example, with p = 5 = 12+ 22 and ¢ = 13 = 22 + 3% we get
a=8b=1c=4,d=T7 satisfying 8 + 1% = 42 + 72.

Now let there be given four different integers a,b,c,d > 0 such that a® + b*> = ¢ + d>.
Consider the arithmetic circuit shown on the left of Figure 6. Obviously, a and —a are zeros
of the circuit because they make the lowest multiplication gate 0. Also b is a zero of the
circuit because (b —a)(b+ a) = b> — a2, and therefore the second lowest multiplication gate
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CX 2d? — a?b? CX 2d? — a?b? CX 720
% a? — b? 6 a? — b? CX 63

—a a 2a 16
T x x

Figure 6: An 8-gem, given the equation a® + b? = ¢ + d2.

will have the value 0, likewise this holds for —b. If the input z is set to ¢ or —¢, then the
highest addition gate will have the value

(c+a)(c—a)((c+a)(c—a)+a* —b%) + Ed* — a®*b* = (2 — a®)(c? — b%) + Ad? — a*b?
=ct—A(a® + ) + a?? + Ad? — a®b? = ¢t — A(a® + V) + Ad?
=ct = A(E+BP) + P = (P - PP~ d?) =0.
For the same reason, also d and —d are zeros of the circuit. Summarizing, the circuit has the
zeros a,—a,b, —b,c, —c,d, —d. It still has four addition gates. By a linear transformation
x — = + a we obtain the 8-gem shown in the center of Figure 6, having the eight zeros
0,—2a,b—a,-b—a,c—a,—c—a,d—a,—d — a.

The circuit on the right of Figure 6 is obtained by using a = 8,b = 1,c=4,d = 7; its zeros
are: 0,—16,—7,—9,—4,—-12,—1,—15, as can be double-checked by evaluation.

5.2. Constructing 16-gems

The previous construction can be extended to a construction for 16-gems, and possibly for
2"-gems. We assume that we are given 8 different integers a, b, c,d, e, f,g, h > 0 such that
the following 4 equations hold:

AP =+ =+ f2=¢>+h% (E16.1 — E16.3)
(ab)® + (cd)® = (ef)? + (gh)®. (E16.4)
Consider the circuit shown on the left of Figure 9. We show that under the assumptions
this is a 16-gem. For the same reasons as for the circuit in the center of Figure 6 it has
the zeros 0, —2a,b —a,—b—a,c —a,—c — a,d — a,—d — a, in other words, the value at the
second highest multiplication gate is

(z4a)* —ad)((z+a)* =) ((z +a)® = A)((z +a)® — d*).
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Therefore, the value for £ = e — a at the highest addition gate is

(€® — a®)(e? = b?)(e* — *)(e* — d°) + (efgh)* — (abed)?
= (e* — e2(a® 4+ b?) + a?b?) (e — 2(? + d?) + A2d?) + (efgh)? — (abed)?
= (et — 2(a® + 1) + a2b2)( —e2(a® + %) + 2d?) + (efgh)? — (abed)?
2 b2

= (e* —e*(a® + D )) + (et — €%(a® + b)) (a®b® + 2d?) + a*b*c2d* + (efgh)? — (abed)?
= (' = (e’ +f2)) + (et —62(92+h2))( 22+ g°h®) + (efgh)?
=(e4— (E ) e S +h2)+g2h2)
= (& =) = [2)( — g*)( —1?) =
Likewise, the values for x = —e—a,x = f—a,x =—f—a,r=g—a,x=—g—a,x = h—a,

x = —h — a at the highest addition gate are 0. Therefore, the circuit shown on the left of
Figure 9 is a 16-gem, given the equations (E16.1-4) do hold. As an example, for the values
a=237,b=106,c=189,d = 178,e = 227, f = 127,9g = 218, h = 141

the equations (E16.1-4) hold, as can be checked by evaluation. The circuit constructed as
above is the one shown on the right of Figure 5.

5.3. Constructing 32-gems and beyond

What follows now is a hypothetical construction, in the sense that the authors do not know
whether the assumption can be fulfilled. We assume that we are given 16 different integers
a,b,c d, e f,g, h,i, 5,k I, m n, o, p>0 such that the following 11 equations hold:
a?+0? = A4d? = 2+ f? = g*+h? = 2452 = K2 +12 = m*4n? = ®+p?, (E32.1 — E32.7)
(ab)? + (cd)? = ()% + (gh)? = (i) + (k)? = (mn)* + (op)?, (E32.8 — E32.10)
(abed)? + (efgh)? = (ijkl)* + (mnop)?.  (E32.11)
Then the circuit shown on the right of Figure 9 is a 32-gem, as can be shown by the methods

from above.
This leads to a general construction for 2"”-gems, under the hypothesis that a set of integers

exists with the required properties. Assume that there are 2" different integers aq, ..., asn >
0 such that the following equations hold:

al+a3=a3+ai==a3_;+aj., (E2r11- E2ntlon-2_1)
(a1a2)?+(a3a4)? = - - - = (agn_za9n_9)*+(agn_1a9n)?, (E27T1.27=2 - E2n.2n—2 4 9n=3 _ 9)

(CL]_ R QQn—2)2 + (CLQn—2+1 R a2n—1)2
= <a2n71+1 v a/2n71+2n72)2 + (a2n71+2n72+1 e a2’n)2 <E2n+12n71 —n — 1)

Then one can construct a 2"+ 1-gem.
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x x

Figure 8: Different shapes of 4-gems. The middle gem computes the function (z - (z —
5))2 — 36 having zeros at -1, 2, 3, 6, showing that two product gates need not be
separated by an additive gate.
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Figure 9: A 16-gem and a hypothetical 32-gem, assuming specific relationships among the

parameters.
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Figure 10: The 9-gems from our table listing all our d-gems. It has only 6 gates in total
and its zeros are -8, -7, -5, -3, 0, 3, 5, 7, 8 This shows that a circuit with 2n
gates can have more than 2" distinct integer zeros.



